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AXIOMATIZING A CATEGORY OF CATEGORIES
COLIN MCLARTY

Abstract. Flementary axjoms describe a category of cateparies, Theorems of category theory follaw,
including some on adjunctions and triples. A new result is that associativity of compasition in categories
fallows frem cartesian closedness of the category of categories, The axioms plus an axiom of infinity are
consistent {ff the axioms for a well-peinted topos with separation axiom and natural numbers are. The
theary is niot finitely axiomatizable. Each axiom is independent of the others. Further independence and
definahility results are proved. Relations between categories and sets, the latter defined as discrete
categories, are described, and applications to faundatians are discussed.

§0. Introduction. The following elementary axioms produce the major theorems
of general category theory, with adjunctions, tripleability and the central theorems
of topos theory as test cases. The axioms plus an axiom of infinity are equiconsistent
with the axioms for a well-pointed topos with natural number ohject plus the axiom
of separation.

The axioms are independent of one another, and several theorems are shown
independent of other theorems plus all but one of the axioms. We show which
categories can be proved to exist by these axioms plus one further assumption, All
are finite. It follows that the categories with all finite products which can be proved
to exist are equivalent to lattices, and no nontrivial topos can be proved to exist. Tt is
consistent with the axioms for the coequalizer of the two functors from 1 to 2 to be
any cyclic group or the group of integers.

This paper is heavily indebted to Lawvere [6], but that pioneering work had
technical flaws. Blanc and Donnadieu [2] rectified the flaws by relying completely
on sets in the form of discrete categories. Their axioms make categories and functors
definable in terms of discrete categories, and all the work is actually done with
discretes. The present axioms seem not to imply that every category A has a maximal
discrete subcategory (i.e. a set of all objects of A}, and we prove that they do not
imply every internally defined set of arrows and objects equipped with a category
structure corresponds to an actual category. One or both of these nontheorems may
be important to future efforts to describe a category of categories with an actual
category of all the categories in it. There cannot be an actual category of all
categories if sets form a topos, every categary has a set of objects, and every set of
objects and arrows with a category structure corresponds to a category.
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Axioms of infinity and choice are not examined, and I have not yet found incisive
axioms on coequalizers.

§1. The categories 1 and 2. T write as if there were an intended model CAT. I call
CAT a metacategory and a functor to or from CAT a metafunctor. The word
“category” is reserved for objects of CAT and “functor” for arrows of CAT. The
words “object” and “arrow” are reserved for l-clements and 2-elements of
categories,

We work with the two-sorted first order theory of a category with function
symbols Dom, Cod, 1 (identity) and « (composition) satisfying the usual identities.
We will introduce further constants ¢4, 1, 2, 3, E of category sort, and 0, 1, «, 8, v,
e, ¢, of functor sort, and various sorted operators. We write F: A - B to say
Dom(F) = A and Cod(F) =B, and we draw diagrams of categories and functors in
the usual way. To avoid subscripts we often use A to name the identity functor [,.

We use Boolean logic. It would be interesting to pursue the axioms without
excluded middle but saying 2 is a generator in the disjunctive form of our CC,, since
then the decidable properties of categories and functors are largely the ones
Bénabou [ 1] says should be definable for arrows and objects of any category.

The first axiom special to CAT is:

CC,. CAT has all finite limits and colimits, with initial category & and terminal
1, and is cartesian closed. &4 is not isomorphic to 1.

We take this as saying any categories A and B have a selected product A x B, and
soon. We write !, oreven just ! for the unigue functor from A to 1, or the one from &
to A.

The constants 2, 0 and 1 appear in this axiom:

CC,;.

1—-2 and 1:1-2

The functors 1,, 0« 1,, and 1 < 1, are distinct and are the only endofunctors on 2.
And 2 is a generator: For any parallel F and G with domain A ¢ither F = G or there
is some f:2 — A with Ff # Gf. This completes the axiom.

An object of A is a global element and an arrow a 2-element. Given f: 2 — A, the
object f = 0is the domain of f as an arrow of A, and f « 1 the codomain. A functor
F: A — B acts on objects and arrows of A by composing with them. It preserves
domains of arrows, since (F e f) o0 =F o (f - 0) and similarly for codomains.

If -2 - A isconstant, ie. f factors through some global element of A, we call it
an identity arvow. In that case f - 0 = f « L and f is the identity arrow for the object
f = 0. Functors preserve identity arrows: If f is constant, sois F « f.

We write ‘F’ for the abject 1 — B* of B* corresponding to a functor F: A —» Band
call ‘F’ the name of F. In particular, f*: 1 - A* names an atrow [ 2 — A of A. We
call any of 2 - B* or A x 2 — B or A — B? a natural transformation.

We adopt a provisional axiom which follows from the axiom scheme CCs.

PCC,. The global elements 0 and 1 of 2 are disjoint. Their pullback is .

THEOREM 1. Any caregory either is initial or has arrows.

Prook. If G = !, and 1 <1, are equal, then A has a functor to the pullback of 0
and 1. Otherwise some arrow distinguishes them. |
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Axioms CC,_, already imply the pullback of 0and [ hasno arrows, so they imply
that Theorem 1 is equivalent to PCC,.

THEOREM 2. Coproducts of categories A + B are disjoint unions.

ProoF. Moanicness of the injections is left to the reader. They are disjoint since
their pullback has a functor to the pullback of 0 and 1. |

The final axiom on 2 is:

CC;. The functor (¢): 1 + 1 — 2 is not an epimorphism.

Define a category E and arrows e, and e, as the pushout of (¢) along itseif. Axiom
CC, is equivalent to saying e, # e,. Since thereisa functor F: E > 2 withFoeg, =
F c ¢; = 1,, neither e, nor ¢, is an identity arrow in E.

THEOREM 3. 2 is a retract of any generator A. Any generator with exactly three
endafitnctors is iso to 2. |

§2. Composition. Place this axiom on 3 and «, f, and y:
CC,. This s a pushout:

N
S

Andyp:2 -3 withyo0=gc0and y o 1 = § o 1. This completes the axiom.

The functor F: 3 > 2withFoax =Qand F - § = 2 proves« # f. The domain and
codomain relations show neither &« nor § equals .

Arrows [ and g with f <1 =g o 0 define a unique ::3 -+ A with¢=a = f and
t o i =g. Define the composite of f and g as arrows of A to be t«y. Call this
composite g o, f. It follows that the domain of g o, f as an arrow of A is the domain
of f and the codomain is the codomain of g. We refer to any functor s: 3+ Aasa
commutative triangle in A. Thus functors preserve commutative triangles and
composition of arrows.

Axiom CC, implies CAT is not iocally cartesian closed. Pullback along y has no
right adjoint, since it pravably does not preserve the pushout defining 3.

THEOREM 4. The compasite in 2 of the nonidentity arrow 1, with either of the
identity arrows Qo1 and Golyis 1;.

Proor. Both composites have domain 0 and codomain I; thus both are 1,. W

THEOREM 5. Let [ and g be composable arrows of any category A. If g is an
identity arrow then g o, [ = f, and similarly if f is.

Proor. Theorem 4 plus chasing through the pushout forg o, f. |

The puliback of A? and A* can be named A? x, A*. But by axiom CC, and the
fact that contravariant exponentiation takes pushouts to pullbacks, A’ with
projections A” and A is a puilback of A% and A*. There is an iso i: A* x, A - A?
with p, = A? s i and p, = A« i. The composition functor c: A® x, A* - A? defined
as A’ = i takes each composable pair to its composite.
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The product 2 x 2 has nine arrows as shown:

(2,05

<030> v <]-10>
£0,2) 2,25 (1,2}
0,1 s L1

using 2, 0 and 1 to abbreviate 1;, 0! and 1 o ! respectively. We use these abbre-
viations freely from here on. There is a triangle €: 3 — A defined by t - ¢ = (2,0}
and t o f§ = {1,2). Then t - y can only be (2,2). Similarly for the other triangle, so
the above diagram in 2 x 2 commutes.

Thus a 2 x 2-clement of any category A is a commutative square in A. So each
arrow of the arrow category A? corresponds to a commutative square in A. The
axioms given so far do not imply that every two composable pairs in A with equal
composites give a commutative square in the sense of a 2 x 2 element of A or
{equivalently) an arrow of A%

THEOREM 6. Lef there be given A* arrows as shown:

i k

Lt

The composite has top arrow k o i and bottom Lo j.
ProoF. The functors A% and A'® preserve composition. [ ]
We adopt a provisional axiom which will follow from CCs;.
PCC,. We require two functors. There is a functor s:2 x 2 -2 with

59¢2,00=52¢0,2) =2 and s50{[,2) =502{21) =1L
There is also a functor s”: 2 x 2 — 2 with

§eq20y =5 0402y =101 and so(L,2y=502(21)=2
THEOREM 7. Whenever ¢ o f = g' <4 [ there is a square ¢: 2 x 2 > A:

f.[ | |

—_—

-_————

7
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PROOF. [ ¢ sisasquarein A with f on the top and left and identities on the right
and bottam. Using s', p, and p, puts any given arrow on the hottom and right or on
either pair of paralle] sides. By Theorem 6, squares in A compose horizontally. The
twist arrow on 2 x 2rotates any square around the diagonal from top left to bottom
right and so gives vertical compaosition. Cali either composition pasting. Suitable
pasting gives the desired square. [ |

THEOREM 8. Composition of arrows is associative:

falga=(fuglah

Proor. Compose A? arrows with h top and left and g right and bottom, and with
g top and left and f right and bottom. [ |

An adfunction consists of functors F: X — A and G: A - X and unit and counit
#: X - X? and ¢: A - A? satisfying the triangle identities. The usual calculations
show # is a family of universal arrows to G. The adjunction gives an isomorphism
of comma categories (see [ 7, p. 47 and p. 84, Exercise 2]) and vice versa, The usual
calculation can be formalized using PCC,. Constructing an adjunction from a
family of universal arrows requires axiom scheme CC;.

§3. Functorial comprehension. The predicative functor construction scheme of
[6]is anaxiom scheme here. For every expression R{ f, g} in the first order language,
with f and g variables of functor type:

CC;. If R{f,g) defines a functorial relation from arrows of A to those of B, then
there is a functor F: A - B such that R(f, g) iffl Ff = g.

Uniqueness of the functor follows since 2 is a generator.

Given CC,_,, the axiom scheme implies Theorem 1, and so implies PCC,. It
also implies PCC,; the functorial relations from 2 x 2 to 2 can be given by enu-
meration.

THEOREM 9. Any functor F one-to-one and onto for arrows is iso.

Proor. Use the obvious functorial relation for an inverse to F. |

THEOREM 10. A monic i: I A factors through j: J » A iff every arrow factor-
ing through i factors through j.

Proor. By Theorem 9 the intersection of I and J is iso to I. |

In fact, by CC,_, Theorems 9 and 10 are equivalent. The axiom scheme proves
the theorems.

THEOREM 11. 3 has only the arrows o, f and y and three identities.

ProoOF. Define a split monic functor P: 3>- 2 x 2 whose right inverse takes as
values only «, B, v, and the identities, |

THEOREM 12, 2% = 3.

ProOF. Enumerate the arrows of 2* by Theorem 7 and of 3 by Theorem 11. W

Define a universal arrow from a functor F: X — A to an object A in the usual way.
For any formula U{x, y) with variables x and y of functor sort, we have a thearem
saying a family of universal arrows gives an adjoint functor:

TuxeOREM 13. Suppose F:X — A is any functor, and suppose we have U(X, [) only
if X, f isuniversal fromF to the codomain of f. If every object A of A has a unique pair
X, f with A the codomain of f and U(X, f'), then there is a unigue adjunction whose
counit takes every object A of A to the arrow f with codomain A such that U(GA, f).
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Proor. The usual calculation, using CC; to define the functors. |

The power of CCy seems greatly increased by this axiom:

CC,. Some category has a nonidentity iso arrow.

THEOREM 4. Some category has two distinct isomorphic abjecis.

Proor. Foranynonidentityiso f of acategory A take ‘f” and the identity arrow
on the domaijn of { as objects of A2 [ |

THEOREM 15. Epic functors are onto for objecis.

ProoF. Take a category T with arrows k and k inverse to one anather between
distinct objects. Suppose F: A — B and an object B of B are such that no object 4
of A has FA = B. Take the functorial relation from B to T relating the identity on
B to k-0 and every other identity arrow to ko [ and every other arrow of B to
one of those or to k or k depending on its domain and cadomain. This funetor and
h =1 !z show F is not epic. u

Similarly, any jointly epic family of functors to B defined in the first order
language is jointly onto for objects.

THEOREM 16. For any two categories A and B every arvow of the coproduct A + B
is either in A or in B,

Proor. If A or B is initial the result is trivial, so assume neither is. Theni, and i,
are hoth split monic. 8o let j and k be right inverses. Every object of A + B factors
through one of i; and i, by the comment following Theorem 15. And since thereisa
functor from A + Bto 2 taking allof A to0and all of Bto 1 there can be no arrow of
A + B with domain in the copy of B and codomain in the copy of A. Nor can there
be one in the opposite direction. Thus there is a functorial relation from A + B to
A+ B: R(f, g} iff cither f has domainin A and g =1, = j o f or¢lse f has domain in
Bandg = i, < k « f. The resulting functor is the identity for A + B, and it takesevery
arrow of A + B to one factoring through one of i; and i,. u

A full subcategory of A is amonici: S »» A such thatif < Gand f = 1 are both
in S then so is /. A full subcategory classifier is a category Cl with a selected object
t: 1 — Cl such that any full subeategoryi: 8 — A is the pullback of ¢ along a unique
functor ¢: A — Cl.

TuEOREM [7. There is a full subcategory classifier.

Proor. Take the notation T, h, k from the proof of Theorem 15. Form this
pushout:

2
2N
141 P
(? /
2

Then P has a functor (f) to T, and since () em oG =ho0and (})emo 1 = ha [ the
abject m « § of P is distinct from the object m o 1. Coequalize n op m with m o 0; then
do the same with m and n reversed. Call this coequalizer Cl, and use m and # to name
the two inverse arrows of Clinherited from P. Then Cl still has a functor to T taking
mto hand n to k, so Clhas at least two distinct objects. Since m and n are jointly epic,
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Cl has just two objects. Further, Cl has a functorial relation to itself, taking m and
any arrow parallel to it to m, n and any arrow parallel to it to n, and all
endomorphisms to identities. By the pushout, this functor is the identity for Cl, so
those arrows are all there are. Take either Cl object as ¢, [ |

§4. Duals. We use an aperator _°F taking categories to categories, and also write
_°® for an operator taking functors to functors:

CC,. _® preserves identity functors, domains, codomains and composites of
functors, and, for all A and F,

(A®)* = A and (F*")° = F.

In short _°? is a metainvolution on CAT. It preserves all limits, colimits, and
exponentials, which is trivial if you think of _** as an involution, but the proofs can
be given in the CC axioms. By Theorem 3, 2°P =~ 2, We assume 1°° = 1 and 2°F = 2,
Axiom CC; allows A® = A and F°* = F. S0 add

CCq. 0P = 1:1 2.

Immediately, 1°F = 0.

Forany f:2 » Awehave f* o 0 = (f o 1)°°. If we identify every object A: I — A
with. its opposite A’": 1 — A we can say the domain of f°P as an arrow of A is the
codomain of f and vice versa. Since _°F preserves pushouts, we have 3% = 3. We
assume 3°F = 3. It follows that «° = f and vice versa. So f o g =h implies
(9°°) oqacey (f °F) = 1P

THEOREM 18. If R(f, g) meets the conditions of CC5 except switching domains and
codomains ard reversing the order of composition, then it defines a functor F: A — B,

[ |

Given CC,_;, the axioms CC,_; define duals up to a unique isomorphism. That
is, if we also take axioms like CC,_g but with a new operator _°® in place of _%°, we
can prove

THEOREM 19 (assuming axioms on _°*"). For each A there is a unique iso i,: A°?
- A% suchthati, o (f°°) = [ forall {1 2 — A.(Just apply Theorem 18.) Further. i,
is natural in A, |

The axioms determine duals of functors up to conjugation by isomorphisms, but
this is very weak. Even assuming E = E°F, either one of ¢,°"=¢, and ¢, P= ¢, is
consistent,

Each half of PCC, is dual to the other; so CC,_, plus CC,_gz and one half of
PCC, implies the other half of PCC,. We will see that the two halves of PCC; do
not imply each other using CC,_, and CCq. Thus CC,_, are not conservative aver
CC,_, and CC,. I do not know whether CC,_, are conservative over CC,—CCyq.

§5. Discrete categories. A category A is discrete if all its arrows are identities.
Axioms CC,_, show A? has right inverse id, , and so if A is discrete, A = A%, By the
same axioms, if A° is iso, A is discrete. Clearly & and 1 are discrete. Any product
of discrete categories is discrete, as is any subcategory of a discrete category or
the exponential of a discrete category by any category. By Theorem 16 any
coproduct of discrete categories is discrete, including finite copowers of 1. Since 2
is a generator, 1 is a generatar for discretes.
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THEOREM 20. The coequalizer of parallel functors with discrete codomain is
discrete.
ProoF. Suppose this is a coequalizer with T discrete:

q

T——Q

A

Consider any object Q of Q. Since epic functors are onto for objects, there exists
an object T of T with q» T = @. Since T is discrete, we can use CCj to define a
functor from T to 2 taking every object T with q o T =q < T to 0 and all other
objects to 1. This gives a functor from the coequalizer Q to 2 taking @ to 0 and
every other abject to 1. So no arrow of Q goes to Q from any other object. There
is a functorial relation from Q to itself taking each arrow to the identity on its
domain. The corresponding functor is the identity functor for Q. Thus every arrow

of Q is an identity arrow. ]
THEOREM 21. The coproduct | + 1 is a subobject classifier for discrete categories.
The proof is a trivial application of CCs. |

Thus the discrete categories collectively satisfy the axioms for a topos of sets
without axiom of infinity. The inclusion of this submetacategory preserves finite
limits and colimits, and exponentials. By Theorem 21 any first order property of
functors P(_)and any discrete S give a monici: I — Ssuch that a global element x of
S is Tiff P(x). The discretes satisfy the axiom of separation.

§6. Sets of objects and internal categoaries. A set gf objects for A is a monic
functor s: S — A with S discrete such that every functor from a discrete category to
A factors through s. A set of arrows for A is a set of objects for A Since id: A — A?
is monic, any category with a set of arrows has a set of objects. I believe the axioms
CC,_, do not imply that every category has a set of objects, but I could be wrong.
They do imply that if A and B each have a set of arrows then so does every
subcategory of A, as do A x B, A + B, and B* Each of @, 1 and 2 has a set of
arrows. Coequalizers do not seem to always have sets of arrows. T have only proved

THEOREM 22. If A has a set of objects, so does the coequalizer of any parallel pair
with codomain A.

PrROOF. Use the fact that any coequalizer is the coequalizer of its kernel pair, and
Theorem 20. |

THEOREM 23. Without using CCs: If A has set of objecis S, then A has set of
ohjects 8°°. Using CCy: Every discrete category is its own dual, and every category
with a set of objects has the same set of objects as its dual (both up to isomorphism).

|

An internal category is a pair of categories Ar and Ob with functors as shown:

— .

Al‘ th AI‘ Alf e Ol]

_——

satisfying the usual equations. An internal functoris a pair of functors F1: Ar — Ar’
and FO: Ob — Ob’ with the usual identities. We may call categories and functors
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actual categories and functors in explicit contrast to internal ones. Every actual
category A gives an internal category with A for Ob and A? for Ar, and functorsid,,
A% A', and c. Every functor F: A — B gives an internal functor F2, F between the
internal categories. Conversely,

THEOREM 24. If G: A* 5 B? and F: A = B are an internal functor between the
internal categories on A and B, then G = F2.

The internal functor is given by F. This uses CC;_, and PCC,. |

Define an internal small category to be an internal category with Ar and Ob
discrete. They are the internal categories in the topos of sets defined as discrete
categories.

THEOREM 25. If an actual category A has a set of arrows, then it gives an internal
small category;

T x T > T S

> A%« A
—_—
Ao

Al x, A?

where T is a set of arrow for A and S a set of ohjects.

Proor. The functors between T and S required to make the squares commute
exist by definition of sets of objects. [ |

THEOREM 26. Any actual functor F: A — B between caregories with sets of arrows
gives an internal functor between their internal small categories, and vice versa.

The first claim is trivial, and the second follows by CCs. ]

Any finite pattern of objects and arrows that intuitively forms a category can be
given as an internal small category using finite copowers of 1. We will see the axioms
do not prove there are actual categories for all finite intuitive categories, and so not
for all internal small categories.

If E has only the arrows it must have (namely, e, , ¢,, and the two identities which
we will call 0 and 1), then certain internal small categories come from actual ones.
First we show that Ar and Ob come from an actual category on the condition that
for any objects f and g of Ar, if the “domain” of f is the “codomain” of ¢ and vice
versa, then f = g. Think of EA" as the Ar-fold product of capies of E, and of Ar x 2
as the disjoint union of all the “arrows” of the internal small category. We construct
an “embedding” of the internal small category in EA° in the form of a functor I:
Ar x 2 - E*" preserving “identity,” “domain,” “codomain” and “composition”
relations from the internal small category.

It is easier to define the transpose F: Ar x Ar — E2 by:

F{f,g>="'0" if thereis no “arrow” from the “caodomain” of g
to the “codomain” of f;

F{f,g>="1" if there is an “arrow” from the “codomain” of g
" to the “domain” of f;
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otherwise:

F(f, 4> ="e,’ if f “factors through” g;
F<fag> = ‘311 if not.

Here ‘0, ‘¢’ and so0 on are names of functors from 2 to E and thus objects of E2. By
the condition on Ar, if F{f,g> = F{f",g) for all g in Ar (or even for g = f), then
[ = f". In this sense the transpose is an “embedding.”

Let Sub be the full subcategory of E** containing the objects in the “embedding.”
If there are arrows from A to B of Sub, then select one in the “embedding,” so that
the compasite of selected arrows is selected. By the assumption on E there is an
endofunctor on Sub fixing arrows of the “embedding™ and taking every other to the
selected one parallel to it. The equalizer of this with the identity cuts out the
embedding as a retract of Sub, and does give Ar, Ob as internal small category.

Now consider any internal small category in which every “endomorphism” is an
“identity arrow,” and suppase it has a skeleton. The skeleton is of the sort described
in the last paragraph, so let B be the corresponding actual category. Then an actual
category corresponding to the pattern appears (in a number of ways) as a full
subcategory of B x {C1??). To be precise, the following can be proved in the first
arder language:

THeoreM 27 (assuming E has anly four arrows). For any internal small category
Ar, Ob in which every “endomorphism” is an “identity arrow,” if there is a monic s
S — Ob selecting one from each “isomorphism class™ of “objects,” and a monic t:
T > Ar selecting one from each family of parallel “arrows” between “objects” in 8
coherently in the sense described above, then Ar, Qb corresponds to an actual category.

Proor, Largely using CC,, noting that each description of a functor above is
first order. |

This gives an actual category for every finite internal small category with all
“endomorphisms” “identity arrows,” since for finite Ar selections s and t need no
axiom of choice. We will see that these finite actual categaries are the only ones
which must exist, given CC,_g and the assumption on E.

§7. A functorial inner model. Define an S-category to be a pair of categories
{A,B), where B = 1 unless A = @, in which case B may be (& or 1. Define an S-
Junctor to be a pair <F,G>: (A,B) = (A’,B') of functors F: A - A"and G:B - B’,
Then {{&, &> is S-initial (that is, it has ¢xactly one S-functor to every S-category),
and <1,1> is S-terminal. Any two S-categories {A,B) and {A’, B’} have S-product
(A x A", B x B’) with the evident projections. They have S-exponential (A*, B
with (ev, ev) as evaluation S-functor. They have S-caproduct {A + A’, B" >, where
B is ¢Fif B and B' both are, and 1 otherwise. S-equalizers are calculated by taking
equalizers in each coordinate, and S-coequalizers by taking coequalizers in each.

The S-category versions of CC,_,, PCC,, and CC,_g are easily verified. Put
(B, &> in place of F, and replace every other constant C of category sort by
{C, 1. Replace every constant H of functor sort by (H,K), where K is whichever
constant ! it has to be to suit its domain and codomain. Replace _°F by the oper-
ator taking the first coordinate to its dual. But the S-category version of PCC, is
false since the S-pullback of €0,1) and ¢1,1) is the S-category ({4, 1) and not the
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S-initial (@, & >. Thus CC; necessarily fails, but we can also pinpoint its failure:
{{&,1> has no S-arrows but is not S-initial. Since S-categaries can be interpreted
in the first order language, we have an inner model showing that, if CC,_; are
consistent, then PCC, and CC; are independent of the ather axioms,

Functorial inner model independence proofs for other axioms seem to run into
problems with coequalizers. I cannot verify the existence of coequalizers in the
desired inner models, for lack of a thorough description of actual coequalizers. One
crucial fact, which may not follow from CC,_,, is that a coequalizer one-to-one for
objects is onto for arrows.

§8. Consistency and nonfinite axiomatizability. We have seen that the axioms
imply the discrete categories collectively satisfy the axioms for a well-pointed topos
and the separation axiom. Call these axioms WPT + SEP. Adding an axiom of
infinity to CC,_g, asserting existence of a natural number object, it follows that the
natural number object is discrete and is also a natural number object for the
discretes among themselves. Call these axioms CC + INF. Thus if CC + INF is
consistent, so is WPT + SEP + INF. This latter amounts to Zermelo set theary,
and is equiconsistent with it, as shown in [4].

Conversely, within WPT + SEP + INF define a small category as a set of arrows
and a set of objects with domain, codomain, identity arrow, and composition
functions as usual. Define a small functor the obvious way. The CC axioms are all
verified by the obvious interpretation in terms of small categories and functors. The
axiom of infinity is needed for coequalizers, and the separation axiom is needed to
verify all instances of CCj. Call this interpretation the standard model, These
consistency proofs use ¢lementary syntax and can be formalized in either CC + INF
or WPT + SEP + INF, so if cither theory is consistent they both are.

The proper class of small categories and small functors is not a legitimate entity
on. our foundation, but we refer to it as Cat. A proper class of objects and arrows
with a category structure is a large category.

The methad of [9] shows the theory given by the CC axioms is not finitely
axiomatizable, and thus CC; is independent of any finite set of axioms and the-
orems of the theory. Montague's method should be generalized to categarical
logic with many sorted theories and definition up to isomorphism, but I detour
through set theory instead. If Zermelo set theory is consistent, then the CC axioms
are consistent with two further technical axioms. Recall that we have selected
products and equalizers, thus pullbacks, and coproducts and exponentials:

For any coproduct A, + --- + A, and the obvious projection p to the
n-fold copower 1 + --- + 1, the pullback of p along any injection i,: 1 -
1+ -+ 1is A, exactly.

If B*A=B* then B=8and A = A".

The CC axioms can be expressed in a single sorted language, with just the sort for
functors, as in [6]. Call the single sorted version of CC, extended by an axiom of
infinity and the technical axioms, CC™.

In CC* we have finite cardinals [n] >~ N as defined in [4]. Code any finite
sequence of functors as a pair of functors: one s: [#] — € and a left inverse to it i.
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Intuitively, i determines a structure on C as a coproduct of n cofactors, we require
each cofactor to be an exponential category, and s selects a functor from each ex-
ponential. The technical axioms guarantec that the selected functors are uniguely
determined. Given any functor F: A — B, code the singleton sequence {F) by the
name ‘F*: 1 » B, noting 1 = [1]. Take any two sequences s: [#] — C with left in-
verse i, and t: [m] — D with left inverse j. Code the concatenate s* t by the coprod-
uct functor s + t: [#] + [m] - C + D with left inverse i + j, using the canonical
isomorphism [n] 4 [m] = [n + m]. A pair s, i can be coded as a single functor
using products. This coding of every finite sequence of functars by a functor satis-
fies the conditions of [9]. The theory given by CC" is semantically closed; it proves
consistency of each of its finitely axiomatized subtheories and so cannot be finitely
axiomatized. Clearly, then, neither can the theory given by CC;_g.

§9. Independence proofs. A preorder is a set together with a reflexive transitive
relation <. Bvery preorder X gives a small category with the elements of X as ob-
jects, and one arrow from x to y if x < y and none otherwise; and every order-
preserving function between preorders gives a functor between the corresponding
categories. Conversely, every small category with at most one arrow from any object
x to any y is a preorder, and functors preserve the order relation. We identify each
preorder with the corresponding small category and identify order-preserving
functions with functors. A paset is an antisymmetric preorder:

x<yand y < ximply x = y.

Axioms CC, and CC, establish the meaning of the terms used in succeeding
axioms, so that there seems little use in proving numerous independence results on
them. Of course these are the ones that would be varied to axiomatize 2-categories
and so on. Here we only prove independence of cartesian closedness.

Define a (small) nonassociative category to be a set of objects and a set of arrows
with the structure of a small category except that composition is not required to be
associative. Functors are defined in the usual way. The large category of non-
associative categories satisfies all of CC,_g and PCC,_; but cartesian closedness.
The product functor _x 2 does not preserve the pushout for 3. Thus cartesian
closedness is necessary ta prove associativity of composition of arrows from our
axioms. We will see PCC, is also.

The well-known interpretation by preorders (see [6]) shows the independence
of CC, from the others. That is, take only preorders and the functors between
them. These include 2, but the pushout E in this interpretation is iso to 2. The 2-
¢lements e, and e, are equal.

The interpretation by digraphs, or reflexive directed graphs {(also in [6]), proves
independence of CC, from CC,_, and CC,_4. A digraph is a set of objects and a
set of arrows, each arrow having one object as origin and one as target, and each
object equipped with a selected “identity arrow.” A morphism of directed graphs
takes arrows to arrows, preserving sources and targets and identity arrows. In
short, a digraph is a category without composition. The pushout 3 in this inter-



AXIOMATIZING A CATEGORY OF CATEGORIES 1255

pretation is this digraph:
0-1-2

with identity arrows not shown, but no arrow from 0 to 2. A 3-element is a pair of
2-clements with matching domain and codomain, following the pushout defini-
tion, but induces no third 2-¢lement. Thus composition of arrows is not defined,
and CC,_, lose their meaning,

We have seen that CC; is independent of any finite set of axioms and theorems
of the theory. Six interpretations verify all the axioms but CC; to show some of
the theorems proved with CC; are independent of the other axioms and theorems.
They are three variations on each of two themes.

Define an irrelevantly ordered category to be a small category together with a
partial order on its objects, which is not required to have anything to do with the
arrows. Consider the large category of allirrelevantly ordered categories and order-
preserving functors. Let 2 and 3 be the usual categories, with the discrete order on
their objects. Products are defined by giving the abjects the product order,
coproducts and equalizers are clear, and the exponential B* has as ohjects the order-
preserving functors with the pointwise order and all natural transformations as
arrows. For coequalizers, take the usual coequalizers of functors and further
coequalize every pair of objects A and B that would have to have both 4 < B and
B < Afor the caequalizer to preserve order. Give the result the well-defined induced
order. Interpret the dual of an irrelevantly ordered category A to be the usual dual
with the same partial order on its objects as in A. This verifies CC,_,, CC,_,4 and
both the provisional axioms. It also verifies Theorems 11 and 12 on 3, and Theo-
rems 14-16. It falsifies Theorems 9 and 10 on isomorphisms and subcategories. It
also falsifies Theorem 17. In this interpretation discrete categories are partially
ordered sets of objects, and so do not form a topos. Theorem 21 fails.

If we used preorders in place of partial orders, then coequalizers would be
calculated somewhat differently, and the other results would not change except that
Theorem 17 would be true.

Irrelevantly ordered categories show duals are not defined up to isomorphism
without CCs. Interpret _°f as above but interpret A°® as the usual dual to A with the
opposite order on its objects to that on A. Then A°® and A°® are generally not
isomorphic, nor are their sets of objects.

Define a category with distinguished squares to be a small category together with a
set of commutative squares of that category, called the distinguished squares, such
that 1) any square with two opposite sides identity arrows is distinguished, and
2) pasting distingnished squares together, horizontally or vertically, gives distin-
guished squares.

A functor preserving distinguished squares is a functor such that the image of any
distinguished square is distinguished. Those who are interested will notice these
categories and functors form the large category of models and homomorphisms of a
left exact theory: Take the left exact theory of categories and add a new sort required
ta be a subsort of the sort of commutative squares. The formation of the required
distinguished squares can be described by partially defined operators taking values
in that subsort. ‘
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The large category of all categories with distinguished squares and functors
preserving distinguished squares has a terminal object: any singleton category,
with its one commutative square distinguished. Since any square with all its sides
identity arrows is distinguished, each object of a category yields a global element.
The large category also has products: a square in a product is distinguished iff
both of its projections are. Equalizers, an initial category, and coproducts should
all be clear. The coequalizer of a parallel pair of functors is the usnal coequalizer,
with just those squares distinguished which are the images of distinguished squares
in the codomain of the parallel pair or which can be gotten by pasting together
the images of distinguished squares. The large category is also cartesian closed.
The exponential B* has as objects all distinguished square preserving functors
from A to B. An arrow of B* is a natural transformation such that each naturality
square for it is in fact a distinguished square of B (they are the images in B of
necessarily distinguished squares of 2 x A). By the second clause, these form a
category. A square of such natural transformations is distinguished iff each of its
component squares is. '

For 2 take the usual category 2 with only those squares distinguished which
must be by clause 1). Thus any functor from 2 automatically preserves distin-
guished squares. In effect every commutative square of 2 is distinguished except
the two in PCC,.

For any category with distinguished squares A, interpret A as the usual dual
of A with just the duals of distinguished squares of A as distinguished.

This satisfies CC,_, and PCC, and CC,4_,. But the identity functor 2 x 2 —
2 x 2 is a distinguished square of 2 x 2, since each of its projections to 2 has iden-
tity arrows on opposite sides. Thus the functors of PCC, do not exist—they would
not preserve distinguished squares. So PCC,; fails, and consequently CC; fails. So
do Theorems 9 and 10, but no other theorems proved from CCs.

Moadify that last interpretation by adding a third clause: 3) any square with
identity arrows on the top and left is distinguished. This gives a full subcategory of
the last one, closed under limits, colimits, and exponentiation. But we reinterpret 2
as the usual category 2 with all the now required squares as distinguished. Direct
calculation shows the distinguished squares of 2 required by clauses 1) and 3)
already satisfy clause 2). So the square of 2 with identities on the right and bottom
is not distinguished. This interpretation verifies CC,_,, CCy, PCC, and one half
of PCC, but not the other. It follows that no way of interpreting _°" in this large
category verifies CC,_g, since they imply that the two halves of PCC, are
equivalent.

A third variation: Define a nonassociative category with distinguished squares
to be a nonassociative category together with a set of commutative squares in it
satisfying clauses 1) and 2) above. A composite of commutative squares in a
nonassociative category need not commute, but by clause 2) a composite of
distinguished squares must commutte so it ¢an be distinguished. The distinguished
squares required by clause 1) trivially meet this condition, so every nonassociative
category can be equipped with distinguished squares by distinguishing either all
squares or only those required by clause 1).

Terminal and initial categories, products and coproducts, and equalizers are
calculated analogously to those for standard categories with distinguished squares.
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So are exponentials since distinguished naturality squares do compose, unlike
naturality squares in general for nonassociative categories.

Ta calculate the coequalizer in this large category of a parallel pair of functors
with codomain B, first calculate the coequalizer C as a nonassaciative category, and
consider the set of all squares in C which are images of distinguished squares in B or
can be gotten by pasting such images together. In general the ones gotten by pasting
will not commute. So take the quotient of C by the equivalence relation forcing all
those squares to commute, and as distinguished squares take the images of those
squares in the quotient. This is the coequalizer.

Thus axioms CC,_,, PCC, and CCy_g are satisfied, but not PCC, or Theorems 7
and 8. So PCC, is necessary to our proof that composition of arrows is associative.

The interpretation by categories with distinguished squares ¢an almost be made
functorial using the CC axioms, that is, defined in terms of actual categories and
not small categories. Define an actual category with distinguished squares within
the first order language this way: It is a category A together with a subcategory
S > A? which contains id, and is closed under the composition functor ¢: A? x,
A? — A% Bverything works as above, except for coequalizers.

An easy interpretation of CC,_, does not extend to CC,_g. Take the standard
model, pick any non-self-dual small category A and eliminate every category iso-
morphic to A% except A itself. Then there is no way to interpret _° as a functorial
isomorphism of the model to itself reversing 0 and [, because there are too few
copies of A, This seems to miss the point. A weaker version of CC, suffices for
all the theorems proved or mentioned above: For CC,., in place of the equations
in CC, just say there is a natural family of isomorphisms (A®®)°P =~ A.

The axiom of global choice implies that any interpretation of CC,_ derived
from the standard model by omitting some isomorphic copies of some categories
A extends to an interpretation of CC; _g. So that strategy is unlikely to prove
independence of CC,.. Syntactical analysis might give an interpretation of CC,_g4
not extendable to CC,._g, since CC; anly applies to relations expressible in the
language. It would be better to have an interpretation in which every external
functorial relation gives a functor, what we might call a full interpretation of CC,_g,
that does not extend to CC,._g.

§10. Substandard models. A substandard model is a full subcategory of Cat
which includes 2 and verifies CC,_g, interpreting “categories™ and “functors” as
categories and functors in the subcategory. In any substandard model 2 is a
generator with just three functors to itself, so the interpretation of the constant “2”
must be isomorphic to 2 and we will assume it is 2. Thus what are interpreted as
“arrows of A” in the theory really are functors from 2 to A, corresponding to
elements of the set of arrows of A.

Suppase Sub is any full subcategory of Cat and A and B any small categories
in Sub. If the product A x B calculated in Cat is in Sub, then it is also the product
of A and B as calculated in Sub. The same holds for all limits, colimits, and expo-
nentials: If the data are in Sub and the answer calculated in Cat is in Sub, then it
is also the answer as calculated in Sub. Further, suppose Sub is a substandard
model. Then since CC,_4 make A x B definable (up to isomorphism) in terms of



1258 COLIN MCLARTY

the arrows of A and B, a category C can be the product of A and B as calculated
in Sub only if it is (iso to) the product as calculated in Cat. Similar remarks apply
to 1, equalizers, exponentials, and & by Theorem 1, to 3 by Theorem 11, and to
coproducts by Theorem 16.

In short, any substandard model includes (up to isomorphisms we henceforth
ignore) &, 1, 2, 3, and i1s closed under products, coproducts, equalizers and ex-
ponentials as calculated in Cat. The same need not apply to coequalizers, which
we must discover anew in ¢ach case. Being a pushout, E could also vary from
standard, but it does not in our models.

The original nonstandard substandard model is in Isbell [3]. It contains those
small categories with all endomorphisms identities. Isbell introduced it because
in it the coequalizer Q above is 1, as can be verified directly. The finite ones among
these also form a substandard model, which we call FinSub. Thus the axioms do
not prove the existence of infinite categories and can be interpreted in any well-
pointed topos with separation axiom; they need no axiom of infinity. The skeletal
categories in FinSub form a substandard model for all the axioms but CCg,
proving its independence. And Theorems 14 and 17 fail here, so their proofs re-
quired CCq.

Theorem 27 showed that every category in FinSub can be proved to exist as
an actual category, using the CC axioms plus the assumption that E has only the
arrows it must have. Since FinSub also verifies that assumption, these are exactly
the categories which can be proved to exist on that basis. By Freyd’s argument [ 7,
p. 110], a finite category with all finite products is a preorder with A x B a greatest
lower bound for 4 and B, so it also has least upper bounds. Thus the categories
with all finite products which the present axioms prove exist are exactly the finite
ones equivalent to lattices.

For a fixed natural number n consider the full subcategory Inv, of Cat contain-
ing those small categories in which the nth power of any endomorphism is the
identity. These include £, 1, 2, and 3, and are closed under preducts, equalizers
and coproducts as calculated in Cat. A short proof shows they are closed under
exponentiation in Cat. Every category A has a reflection into Inv, gotten by co-
equalizing to identity arrows all n-fold composites of endomorphisms with them-
selves. This coequalizer may force many other arrows to be equal, but it merges no
abjects and creates no new endomorphisms. So Iny, has caequalizers, namely the
reflections of coequalizers in Cat, so it is a substandard model for all the axioms.
The coequalizer @ in Inv,, is the group of integers mod k. Requiring every endomor-
phism to be an iso gives a substandard model in which Q is the group of integers.

§11. Foundations. The usual results of general category theory follow from
the CC axioms as hypotheticals of the form “If A is a cartesian ¢losed category,
then ...” or “If A is a nontrivial topos, then ...". The axioms suffice, for example,
for the theory of groups in any category A with all finite products, Define a cate-
gory C as the pushout of 1:1 — 2 along itself. By Theorem 27, C has just the arrows
it should, two nonidentities with a common codomain. Now a graup in A is a dia-

gram of this form:

H &

GxG > G« 1
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which satisfies certain conditions easily expressed in the first order language. And
if A has a selected product for each pair of objects, meaning a right adjoint to
A, A - A X A, we can use that right adjoint and other available constructions
to give the category of all groups in A as an equalizer of functors from A€,

A triple on any category A can be defined as usual, an endofunctor and two
natural transformations. The Eilenberg-Moore category for a triple on any A is an
equalizer on A®. The tripleability theorems can all be proved. By Theorem 17 the
Kleisli category of any triple can be defined as a full subcategory of the Filenberg-
Moore category.

The axioms prove every slice of a topos is a topos. This is most neatly done
defining a topos as a category with seleczed products and so on, ie. with given
adjoints to appropriate functors. Then the Lawvere-Tierney construction of sheaf
reflection functors requires no axiom of choice.

On the other hand, the axioms prove the existence of few specific cases of these
general results, We saw that the categories with all finite products we can prove exist
areequivalent to finite lattices. The cartesian closed categories we can prove exist are
equivalent to finite Heyting algebras; and the axioms do not imply there are any
nontrivial toposes.

I regard these axioms as a background theory to be used with axioms on
particular categories or functors. A single statement of the first order language says
“A is a model of the elementary theory of the category of sets.” Adding this as an
axiom, we get a great deal of the higher order theory of a topos of sets and categories
constructed from it. We could add an axiom saying there is some model of synthetic
differential geometry (see [5]). The axioms of [8] on one topos and a family of
arrows in it produce an additional topos of sets with two adjunctions to the given
topas. We might posit any number of specific categories and functors. This
approach was suggested by Lawvere in [6].

Any nontrivial topos has a paralle] pair of distinct arrows and a nonidentity
isomorphism. So positing such a category obviates CC, and CCy. It also implies
the coequalizer Q of 0 and 1 is the monoid of natural numbers.

Lawvere [6] also discussed the other approach, trying to strengthen the axioms
to arrive at a plausible category of all categories. This might differ from the standard
madel in various ways, so the task is not just to axiomatize that one. An open
question now is whether there are useful axioms on CAT making CAT an object in
itself. In the set theory New Foundations there is a set of all sets, There is also a small
category of all categories, but it is not cartesian closed because New Foundations
handles functions awkwardly. So it is a poor candidate for CAT.

Progress towards an all-embracing axiom system, whether it makes CAT an
object of itself or not, depends on further experience with categorical methods.
Bénabou’s expert and suggestive but still speculative [1] shows how radically even
the idea of a “category” may change in pursuit of deeper foundations.
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