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Abstract

Let K be a convex body in R™. We introduce a new affine invariant, which
we call Qg, that can be found in three different ways:

as a limit of normalized L,-affine surface areas,

as the relative entropy of the cone measure of K and the cone measure of
Ke°,

as the limit of the volume difference of K and L,-centroid bodies.
We investigate properties of Qx and of related new invariant quantities. In

particular, we show new affine isoperimetric inequalities and we show a “in-

formation inequality” for convex bodies.

1 Introduction

The starting point of our investigation was the study of the asymptotic behavior of the
volume of L, centroid bodies as p tends to infinity. This study resulted in the discovery of
a new affine invariant, {)x. We then showed that the quantity 2k is the relative entropy of
the cone measure of K and the cone measure of K°. Cone measures have been intensively
studied in recent years (see e.g. Barthe/Guedon/Mendelson/Naor [8], Gromov/Milman
[18], Naor [44] and Naor/Romik [45] and Schechtmann Zinn [50]) Finally, to our surprise,
Qk appeared again naturally in a third way, namely as a limit of normalized L,-affine

surface areas.
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Thus, the invariant Qx introduces a novel idea -relative entropy- into the theory of
convex bodies and links concepts from classical convex geometry like L, centroid bodies
and L-affine surface area with concepts from information theory. Such links have already
been established. Guleryuz, Lutwak, Yang and Zhang [20, 37, 38, 39, 40]) use L, Brunn
Minkowski theory to develop certain entropy inequalities. Also, classical Brunn Minkowski

theory is related to information theoretic concepts (see e.g. [3, 4, 5, 6, 14, 15].

An important affine invariant quantity in convex geometric analysis is the affine surface
area, which, for a convex body K € R™ is defined as

as1(K) = /{)K Hn%rl(x)d,u(ac). (1.1)

k(z) = kK (z) is the generalized Gaussian curvature at the boundary point « of K and pu =
1x is the surface area measure on the boundary 0 K. Originally a basic affine invariant from
the field of affine differential geometry, it has recently attracted increased attention(e.g.
[7, 33, 41, 52, 58]). It is fundamental in the theory of valuations (see e.g., [1, 2, 24, 29]),
in approximation of convex bodies by polytopes (e.g., [19, 31, 53]) and it is the subject of
the affine Plateau problem solved in R? by Trudinger and Wang [57, 60].

The definition (1.1), at least for convex bodies in R? and R? with sufficiently smooth
boundary, goes back to Blaschke [9] and was extended to arbitrary convex bodies by e.g.
[28, 33, 41, 52]. Schiitt and Werner showed in [52] that the affine surface area equals

K] — K
K)=1 .
as1(K) it R ——
¢n, 1s a constant depending only on n, |K| denotes the n-dimensional volume of K and K
is the convex floating body of K [52]: the intersection of all halfspaces H™ whose defining
hyperplanes H cut off a set of volume § from K.

It was shown by Milman and Pajor [43] that for “big” ¢ K is homothetic, up to a constant
depending on ¢, to the dual of the Binet ellipsoid from classical mechanics and consequently
K3 is homothetic to the Binet ellipsoid.

Lutwak and Zhang [36] generalized the notion of Binet ellipsoid and introduced the L,
centroid bodies: For a convex body K in R" of volume 1 and 1 < p < oo, the L, centroid
body Z,(K) is this convex body that has support function

2,00 = ([ |<x,e>|pdx)l/p. (12)

Note that in [36] a different notation and normalization was used for the centroid body. In

the present paper we will follow the notation and normalization that appeared in [46].

The results of this paper deal mostly with centrally symmetric convex bodies K. Sym-

metry is assumed mainly because the L, centroid bodies are symmetric by definition (1.2)



and used to approximate the convex bodies K. There exists a non-symmetric definition of
L, centroid bodies in [30] (see also [21]). Using this definition, we feel the results of the

paper can be carried over to non-symmetric convex bodies.

In Proposition 2.2 we generalize the result by Milman and Pajor mentioned above and
show that the floating body Kj is - up to a universal constant - homothetic to the centroid
bOdy Zlog% (K)

L,-affine surface area, an extension of affine surface area, was introduced by Lutwak
in the ground breaking paper [34] for p > 1 and for general p by Schiitt and Werner [54].
It is now at the core of the rapidly developing L, Brunn Minkowski theory. Contributions
here include new interpretations of Ly-affine surface areas [42, 53, 54, 58, 59], the study
of solutions of nontrivial ordinary and, respectively, partial differential equations (see e.g.
Chen [12], Chou and Wang [13], Stancu [55, 56]), the study of the L, Christoffel-Minkowski
problem by Hu, Ma and Shen [23], characterization theorems by Ludwig and Reitzner [29]
and the study of L, affine isoperimetric inequalities by Lutwak [34] and Werner and Ye
[58, 59].

From now on we will always assume that the centroid of a convex body K in R" is
at the origin. We write K € C?H if K has C? boundary with everywhere strictly positive
Gaussian curvature kg. For real p # —n, we define the L,-affine surface area as,(K) of
K asin [34] (p > 1) and [54] (p < 1,p # —n) by

xr, Ngl(x n+p
and
5100 (K) = /aK mcw(x), (1.4)

provided the above integrals exist. N (x) is the outer unit normal vector at x to 0K, the

boundary of K, and ug is the usual surface area measure on 0K. In particular, for p =0
aso(K) = [ (o, Nuc(o) dpac(w) = .
oK
For p = 1 we get the classical affine surface area (1.1) which is independent of the position

of K in space.

We use the L,-affine surface area to define a new affine invariant in Section 3:

QO = lim (asp(K)Yﬂ). (1.5)

p—oo \ n|K°|

This is a first way how Qg appears. We describe properties of this new invariant. E.g.,
in Corollary 3.9 we prove the following remarkable identity (1.6), which is the second way
how Qp appears: It shows that the invariant Qg is the exponential of the relative entropy
or Kullback-Leibler divergence Dy of the cone measures cmy and cmgio of K and K°.
K°|
Ql/n _ |
® K]

exp < — DKL(NKN;(%cmaKo ||cmaK)>. (1.6)
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Ngl is the inverse of the Gauss map. We refer to Section 3 for its definition and that of
the relative entropy and the cone measures. See also Gromov/Milman [18] and Naor [44]

and Naor/Romik [45] for further information on cone measures.

We show that the information inequality [14] for the relative entropy of the cone mea-

sures implies an “information inequality” for convex bodies

K\
<
e S (|KO|

with equality if and only if K is an ellipsoid. Independently, we can derive this inequality

from properties of the L,-affine surface areas.

The next proposition gives a sample of some inequalities that hold for the affine in-
variant 2, among them an isoperimetric inequality. More can be found in Proposition
3.5.

Proposition Let K be a conver body with centroid at the origin.

(Z) QKO < Q(E;/L)o

. as, (K)\" 1P
(i) For allp >0, Qg < ( 7] )
(iii) Qx < (%) .
If K is in addition in Cf_, then equality holds if and only if K is an ellipsoid. with
equality holding in (i), (it) and (i) if and only if K is an ellipsoid.

Proposition 2.2 states that the floating body K is - up to a universal constant - homothetic
to the centroid body Ziog, (K). This, and the geometric interpretations of L-affine surface
areas in terms of Variantg of the floating bodies [54, 58, 59], led us to investigate the L,
centroid bodies also in the context of affine surface area. Note the similarities in bahavior of
the floating body and the L, centroid body. Both “approximate” K as § — 0 respectively

p — oo: If K is symmetric and of volume 1, Z,(K) — K as p — oo.

We found an amazing connection between the L, centroid bodies and the new invariant
Qg which is stated in the following theorem for convex bodies in Ci. A forthcoming paper

will address general convex bodies.

Theorem 4.1 Let K be a symmetric convezr body in R™ of volume 1 that is in Ci. Then

. . o o 1 o
(i) Timy o 12 (| Z5(K)| — | K°[) = “05E [ Ke|.



i) Jim o (125001 - 1571 - "0 vogp 2500001 ) =

. o o n(n +1 o
i p (125001 = 1271 = "0 tog |1 ) =
1
5 [ @) oy (2 i)™ e (w) dor) =
Snfl

1 k(x) o k(x) .
5 L @ N <2n+lwn—1<m,N<x>>n+l> du()

In view of Proposition 2.2, the first part of the Theorem 4.1 came as a surprise to
us because it reveals a different behaviour of the bodies K5 and Z),, 1 (K) when § — 0.
Indeed, it was shown in [42] that

Ks)°| — |K°
o o, 08)°1 = 1K°)

520 e = as_p(nt2)(K) = as_ = (K°)

n+2

where ¢, is a constant that depends on n only.

Even more surprising is the second part of Theorem 4.1. Indeed, Proposition 3.5 states

that
exp (-t K (z) . K (2) )
e = exp ( |K°| Jox (x, Nic(2))" log (z, Ny (z))n+1 dperc ( )>-

This, together with Theorem 4.1 shows how the new invariant and the L, centroid bodies

are related, namely for a symmetric convex body K of volume 1 in Ci

L (|Z§(K>| B (l_n<n+l>logp)) _

p—oo M | K°] 2p
n(n lo °
gp (1 REEOsR) Ze(K)|
lim — —-1|=
p—oo M | K|

1
1 Qr
5 lOg 2n+lﬂ-n—1 :

This is the third way how Qx appears.

Further notation. We work in R”, which is equipped with a Euclidean structure (-, -).
We denote by || - ||2 the corresponding Euclidean norm, and write By for the Euclidean
unit ball, and S"~! for the unit sphere. Volume is denoted by |- |. We write o for the

rotationally invariant surface measure on S™~1.

A convex body is a compact convex subset C' of R” with non-empty interior. We say
that C is 0 - symmetric, if x € C' implies that —x € C. We say that C has centre of mass
at the origin if fc<x, 0)dx = 0 for every § € S"~1. The support function ho : R® — R of



C is defined by he(z) = max{(z,y) : y € C}. The polar body C° of C'is C° = {y € R":
(x,y) < 1for allz € C}.

Whenever we write a ~ b, we mean that there exist absolute constants cq, co > 0 such
that cia < b < coa. The letters ¢, ¢, c1,ca etc. denote absolute positive constants which
may change from line to line. We refer to the books [49] and [51] for basic facts from the

Brunn-Minkowski theory and the asymptotic theory of finite dimensional normed spaces.

The authors would like to thank the American Institute of Mathematics. The idea for
the paper originated during a stay at AIM.

2 Comparison of Floating bodies and L, centroid bod-
ies
It is well known from mechanics that the body Z5(K) is an ellipsoid. Its polar body Z3(K)

is called the Binet ellipsoid of inertia. Z;(K) = Z(K) is the classical centroid body and it
is a zonoid by definition (see [17, 51]).

The isotropic contant Lx of a convex body K € R" is defined as

o ()

Ly is an affine invariant and Ly > LBg.

A major open problem in convex geometry asks if there exists a universal constant
C > 0 such that Lxg < C. The best -up to date- known result is due to Klartag [25] and
states that Lg < C’n%, improving by a factor of logarithm an earlier result by Bourgain
[10].
Let us briefly state some of the known properties of the L, centroid bodies. For the proofs

and further references see [46].

Let T € SL(n), i.e. T : R™ — R" is a linear operator with determinant 1. Let T*
denote its adjoint. Then

h4GMWV=(Lg@ﬁwﬁaup=(LK%TWDWMYMZhamNWWD

or
hz, iy (0) = hoiz, k) (0)

By Holder’s inequality, we have for 1 < p < ¢ < oo that

21(K) € Z,(K) € Z,(K) € Zo(K) = K. (2.7)



As an application of the Brunn-Minkowski inequality, one has for 1 < p < g < oo that

Z,(K)Ce 1% Z,(K). (2.8)

¢ > 0 is a universal constant.

Inequality (2.8) is sharp with the right constant for the I}-ball [16].

By Brunn’s principle we get for p > n and a (new) absolute constant ¢ > 0 (e.g., [47])

Z,(K) D¢ K. (2.9)

Lutwak, Yang and Zhang [35] and Lutwak and Zhang [36] proved the following L, ver-
sions of Blaschke Santal6 inequality and Busemann-Petty inequality. See also Campi and
Gronchi [11] for an alternative proof.

Theorem 2.1. [35, 36] Let K be a convex body in R™ of volume 1. Then for every
I<p<g<oo
1Z,(K)| < |Z,(B3)]

|Zp(K)| = | Z,(B3)]
with equality if and only if K is an ellipsoid.

A computation shows that |Zp(§;’\1/ n~ /n%;_p. Hence, the following inequality, proved

in [46] for all p > 1 and a universal constant ¢ > 0, can be viewed as an “Inverse Lutwak-

|Z, (KM < e, /%;pLK. (2.10)

We now want to compare L, centroid bodies and floating bodies. As K is symmetric and

Yang-Zhang inequality”

has volume 1, the floating body K3, for ¢ € [0,1], may be defined in the following way [52]

Ks= () {z€K:|(z,0)]<ts} (2.11)
fesn—1

where tg = sup{t > 0: |[{x € K : |(z,0)| <t}| =1 —6}. Hence for every § € S"! one has
that
hic, () = to. (2.12)

Theorem 2.2. Let K a symmetric convex body in R™ of volume 1. Let 6 € (0,1). Then

we have for every 0 € S"~1

crhz,, . ()(0) <hic, (0) < e2hz ) (6)



or, equivalently
chlog % (K) - K5 - CQZlog % (K)’

where c1,co > 0 are universal constants. Consequently

Lz wyok:oLz (k)

1 log 4 5 = ¢ log 4 5

Proof.

For § € (co, 1], ¢o appropriately chosen, the theorem was already shown in [43]. We assume
that 6 < c¢g < 1. We apply Markov’s inequality in (1.2) and get

{zx € K : |{x,0}| > ehZP(K)(Q)H <e P,
Then (2.12) gives for all p > 1,
eth(K) (9) Z thip (9) (213)

For the other side we will use the Paley-Zygmund inequality: If Z > 0 is a random variable
with finite variance and A € (0,1) then

E(Z)?
E(Z2)

Pr{Z > \E(Z)} > (1 = \)?

Hence for Z = |(z, )P we get

| dx)

Jic Itz
ze K: x,GPZ)\/ z, ) [Pdx}| > (1 — A (K— 2.14
i [z, 0)| Kl( )[Pda}] > ( T (@, 0)Prda (2.14)
(2.8) implies that hyz, (k)(0) < 2¢hz,(x)(0) , for all § € S"~1. So
(fK| 0)rdr)” _ (1\*
Ji Kz, 0)?pde = \2¢)
Choose A = 3. Then (2.14) becomes
1 —c
o € K {n.0)] 2 Lh, ()] = e,
Now we use again (2.12) to get
1
ihZ,,(K)(e) <hg _.,,(0)
or )
hi, _,(0) > th » (K)(0) > cahz, (1) (0), (2.15)

where we have used (2.8) again. (2.13) and (2.15) then imply that

Co th(K)(e) < hKe—p (9) <e hZP(K)(G)-



Now choose p = log %. This gives the theorem

One does not expect that floating bodies and L, centroid bodies are identical in general.
Indeed, observe that for p < oo the bodies Z,(K) are C*°. However one can easily check
that the floating body of the cube has points of non-differentiability on the boundary.

Theorem 2.2 allows us to “pass” results about L, centroid bodies to floating bodies.
In particular, (2.7) and (2.9) imply that for 6 < e, K is isomorphic to K:

K5 g K g ClK(;.

Moreover, (2.7) and (2.8) imply that

611 K52 5 fOI‘ 51 < (52 ,

02

log
Ks, C K5, C €2

where c¢1, co > 0 are universal constants.

As a consequence we get the following corollary. There, d(K, L), resp. dpa (K, L), mean
the geometric, resp. Banach-Mazur distance of two convex bodies K and L

d(K,L) = inf{a-b: K C L C bK}
a

dpy(K, L) = inf{d(K,T(L)) : T is a linear operator}

It is known that one may choose a T' € SL(n) such that T'(K ;) is isomorphic to By (see
[43] for details).

Corollary 2.3. Let K be a symmetric convex body of volume 1. Then for every § € (0,1)

one has )
dpym (Ks,By) < ¢ logg ;
and
d (K5, K) ~d(Ks, Ko—n) < co—t |
log 5

where c1,co > 0 are universal constants.

Let us note that Theorem 2.1 and (2.10) imply sharp (up to Lg) bounds for the volume
of Ks. Namely, letting ¢5 = max{log}, 1},

Cs Cs

< |K5|1/n <c

Lk,
n+ cs n+cs K

C1

where c¢1, co > 0 are universal constants.

Remark. The corollary is also true for non symmetric K.



In view of a result of R. Latala and J. Wojtaszczyk [27], Theorem 2.2 has another conse-
quence: The floating body of a symmetric convex body K corresponds to a level set of the

Legendre transform of the logarithmic Laplace transform on K.

Let x € R™ and K a symmetric convex body of volume 1. Let

A% (z) :== sup {(x,u) —log/ e<1’“>dx} .
K

ueR?L

be the Legendre transform of the logarithmic Laplace transform on K. For any r > 0, let
B, (K) be the convex body defined as

B, (K):={z e R": Ax(x) <r}.
It was proved in [27] that B,(K) is isomorphic to Z,(K),
012,(K) € By(K) C 2, (K),

where cq,co > 0 are universal constants.

We combine this with Theorem 2.2 and get the following

Proposition 2.4. Let K a symmetric convex body of volume 1 in R™. Then for every
§ € (0,%) one has that

01{9: €R™: Ak () < log(ls} CKsC cQ{x ER": A (z) < logtls}.

c1,co > 0 are universal constants.

3 Relative entropy of cone measures and related in-
equalities

Let K be a convex body in R™ with its centroid at the origin. For real p # —n, L,-affine
surface area as,(K) of K was defined in (1.3) and (1.4) in the introduction.

If K is in C2, then (1.3) and (1.4) can be written as integrals over the boundary
OBy = S™~! of the Euclidean unit ball By in R"

Sn—1 hK(u) ntp
and .
o(K) = d =n|K°|. .1
aS+00(K) /Sni1 OR o(u) = n|K°| (3.16)

fr(u) is the curvature function, i.e. the reciprocal of the Gauss curvature «(x) at that

point x in 0K that has u as outer normal.

We recall first results proved in [58].

10



Proposition 3.1. [58] Let K be a convex body in R™ such that p{z € 0K : k(z) =0} = 0.
Let p # —n be a real number. Then

n—+p
(i) The function p — (5;1’(([;())) is decreasing in p € (—n, 00).

n+p
(ii) The function p — (arf"’l(({,(‘)) is decreasing in p € (—n, 00).

n+p

(iti) The function p — (Tﬁ%?) " s increasing in p € (—n, 00).

(v) asp(K) = as 2 (K°).

P

Remarks.

(i) It was shown in [22] that for p > 0 (iv) holds without any assumptions on the
boundary of K.

(ii) Also, it follows from the proof in [58] that (i), (ii) and (iii) hold without assumptions
on the boundary of K if p > 0.

(iii) Proposition 3.1 (ii) is not explicitly stated in [58], but follows (without any as-
sumptions on the boundary of K if p > 0) from e.g., inequality (4.20) of [58] and the
following fact (see [54]): Let K be a convex body in R™. Then

aS0o(K) < n|K°| (3.17)
with equality if K is in C%.

(iv) Strict monotonicity and characterization of equality in Proposition 3.1 (i), (ii) and
(i)
Proposition 3.1 (i), (ii) and (iii) -without equality characterization- was proved in [58] using
Holder’s inequality. It follows immediately from the characterization of equality in Holder’s
inequality, that strict monotonicity holds in 3.1 (i), (ii) and (iii) if and only if x -a.e. on
- ()

(@, N(@)y»+1 ~ @

where ¢ > 0 is a constant - unless x(z) = 0 p -a.e. on OK. If k(xz) = 0 p -a.e. on

asp(K) ntp asp(K) ntp
OK, then for all p > 0, (as;(K)) = constant = 0, ( ] ) = constant = 0 and

ntp
(afﬁg‘{» " = constant = 0.

If K is in C%, then the following theorem due to Petty [48] implies that we have strict
monotonicity in 3.1 (i), (ii) and (iii) unless K is an ellipsoid, in which case the quantities

in 3.1 (i), (ii) and (iii) are all constant equal to 1.

11



Theorem 3.2. [/8] Let K be a convex body in C’i. K is an ellipsoid if and only if for all

in 0K
x in ()

(@, N(z))n+t

:C,

where ¢ > 0 is a constant.

We now introduce new affine invariants.

Definition 3.3. (i) Let K a convex body in R™ with centroid at the origin. We define

L asp(K) ntp
QK‘plfﬁo<n|K0|>) !

(ii) Let K4,..., K, be convex bodies in R™, all with centroid at the origin. We define

asp(K1, ..., Ky) S
aSoo (K1, ..., Kp) '

Q. Kk, = lim

pP— 00
Here )
n¥p
nlfre ) = [ @ i i 0] o)
S'n.fl

is the mixed p-affine surface area introduced for 1 < p < oo in [34] and for general p in
[59].

1 1
s (K1, Kn) = /S e ey 4

= nf/(Kf, T 7K2)

is the dual mixed volume of K7,--- , K?, introduced by Lutwak in [32].

We will concentrate on describing the properties of 5. The analogue properties for the
invariant Qg .k, also hold and are proved similarly using results about the mixed p-affine
surface areas proved in [59]. For instance, the analogue to Proposition 3.5 (ii) holds: For
allp>0

asy(K1, ... K,) \™7
O <\
Ky,..K, > <aSOO(K17...,Kn)

n-+p
This follows from a monotonicity behavior of %) which was shown in [59].

And the analogue to Proposition 3.6 (ii) holds

1 Z?:l log [szhTIl(Tl] do
aSOO(Kl,...,Kn) Sn—1 H?:l hKi

Qk,,.K, = exp (

Remarks.
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(i) If u{x € 0K : k(z) = 0} = 0, then Qi > 0. If sK(z) = 0 p -a.e. on OK, then
Qx = 0. In particular, Qp = 0 for all polytopes P.

(ii) If K is in C%, then, by (3.17), ase(K) = n|K°| and thus we then also have

O = lim (%)nw. (3.18)

(ii) As for all p # —n and for all linear, invertible transformations T', as,(T(K)) =
|det(T)| " as,(K) (see [54]) and as,(T(K1),...,T(K,)) = |det(T)|"# asy(Ki, ..., Ky
[59], we get that

Qrxy = |det(T)[*" Q. (3.19)

and
Qr(ky),...r(k)) = [det(T) " Qk, . x,-

In particular, Qx and Qg, . g, are invariant under linear transformations 7T with
|det(T)| = 1.

Corollary 3.4. Let K be a conver body R™ with centroid at the origin. Then

n(n+p)
( as,(K°) v

Qg =1
K 1m n|K°|

p—0

Proof. By Proposition 3.1 (iv) and Remark (i) after it

as (K) n+p GSﬁ(KO) ntp
O = lim L = lim | ——+—
p—oo \ n|K°| p—00 n|K°|

n(n+q)

n2
) asq(KO)\"" T asq(K°) a
= 1 i’ A\ S =1 i’ A Sl
i“( n|K°] ) i“( n|K°]

Example.

1
For 1 < r < oo, let B? = {z € R : (31 |z;|")” < 1} and let B% = {z € R" :
maxi<i<n|2;| < 1}. Then a straightforward, but tedious calculation gives

nz(r—Z) l—"(r%l) F'(nr—;l)
eXp(_ G (N%) - r(nT>))

DD (3.20)
™5 ()
Indeed, it was shown in [54] that as,(Bl) = (T_Tn)_l F(n(:f::’jlp)). Therefore
r(n+p)
n g " pne-)
asy(B) 1 (n+p) I'(=—)
n\o| n(n—1) — 1 \\7
n(BR)el - 1)t r(%) (T(=1))
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and

_ nz(r72) (F,(%) _ Fl(”%))

e = (20" exp(( 1572 (e - Finems

Bn = —_— —
» =\l = 1D

The next propositions describe more properties of 5. Some were already stated in
the introduction.

Proposition 3.5. Let K be a convex body with centroid at the origin.

(i) For allp >0,

(K°) n(n+p)
as p
O < o\
" ( n|K°| >

If K is in addition in C’_2H then equality holds if and only if K is an ellipsoid.

(i) For allp >0

asp(K) e
n|K°] '

If K is in addition in C_2~_, then equality holds if and only if K s an ellipsoid.

QK<<

(iti) Qr < (%)n If K is in addition in C?, then equality holds if and only if K is

an ellipsoid.

w QKQKO < 1. I’ K is in addition in C 5 then equality holds 'L’ and O'I'Lly ZfK s an
+
ellzpsozd

Proof.

(i) The first part follows from Corollary 3.4, Proposition 3.1 (iii) and the Remark (ii) after
it. The second part follows from Corollary 3.4, Proposition 3.1 (iii) and the Remark (iv)
after it.

(ii) The first part follows from the definition of Q, Proposition 3.1 (ii) and the Remark
(ii) after it. The second part follows from the definition of Qf, Proposition 3.1 (ii) and
the Remark (iv) after it.

(if) By (ii), 2 < (250" = (1)"

(iv) is immediate from (iii).

Proposition 3.6. Let K be a convex body R™ with centroid at the origin.

(Z) QK = exp (ﬁ faKo<x,NK0(.’I})> log %duf{o(l‘)).
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If K is in addition in Ci, then

(ii) Qx = exp (*ﬁ Jox <z,KNZ((Z))>n log <x,1\7,f((xz)))n+ldﬂl(($))-

1 ki () K|
(4i7) Il 8K<x7NK(az)>longﬂK(x) < nlog K S
1 IiK( )

Proof.
(i) By Corollary 3.4,

n(n+p) n?
. as,(K°) » asp(K°)\ »
log Q2 = 1 1 £ =1 | P
0B o8 (plﬁ%( | K] ) ) °8 (plin ( K|

n? asy(K°) 21 d%(asp(Ko))

= lim —log ———~ = " as,(K°)
pl—>mo p ©8 n|K°] " PE’% asy(K°)
-2 o %-H)
R ey [ L
r—0 asp(K°) Joko (w, Ngo(x)) mFo
Ko ()
log = duge
X8 T Nio (w1 #¢° (7)
1 Ko ()
_ _ <$7 NKO (.CL')> log —d/'LKO (x)
K] Joxe (e, Nice ()1

(ii) If K is in C?, we have by (3.18) that

(K)
K n+p log ;;;
10g<hm(asp< >) >:um (22
p—00

log €y = p—o0 \ S0 (K) (n+p)~t
R (as(K))
B poroo as,,(K)
= — lim (n—i—p)2 i ex og (ki (x P
= - S L (ot

—1og<<x,NK<x>>>’”‘“"”))dﬂK<x>

n—+p
— lim (n+p)? kg ()7 n e
" L <w7NK<x>>"i‘”;>(<n+p>21g(K( )
n(n + )

(n)

1og<<x,NK<x>>>)duK<z>

= — lim i (ac) k z
= asp(K) /aK (z, NK($)>”53°+;> (x,NK(x))"Hd'uK( )

_ n KK( ) o K/K(,]j .
= o TN T @)

15



(iii) Combine Proposition 3.5 (iii) with (i) and (ii).

Let (X, ) be a measure space and let dP = pdu and d@Q = qdp be probability measures
on X that are absolutely continuous with respect to the measure p. The Kullback-Leibler

divergence or relative entropy from P to @ is defined as [14]

_ P
D1 (PlIQ) = /X plog L. (3.21)

The information inequality [14] holds for the Kullback-Leibler divergence: Let P and @ be
as above. Then
Dkr(P|Q) =0, (3:22)

with equality if and only if P = Q.

The invariant Q is related to relative entropies on K and a corresponding information
inequality holds, which is exactly the inequality of Proposition 3.5 (iii).

Proposition 3.7. Let K a convez body in R™ that s Ci. Let

{z, Nic(x))
n |K|

Kr(x)

z, Nk (z))" n|Ke|’ (3.23)

q(z) =

p(x) = <

Then P =p p and Q = q i are probability measures on OK that are absolutely continuous
with respect to pux and

Dk (P||Q) = log <|[I((J|QI}3L> (3.24)
and
Dicr(@QIIP) = log ('f; QKé). (3.25)

Moreover Gibb’s inequality implies that

|K]| )n
QK<(
|Ke|

with equality if and only if K is an ellipsoid.

Proof of Proposition 3.7.
As

nlK| = /8K<x,NK>duK<x> and 05| = [ @) ),

ok (T, Nk (z))"
faKp dug = faKq dug = 1 and hence P and ) are probability measures that are
absolutely continuous with respect to pux on K.

(3.24) resp. (3.25) follow from the definition of the relative entropy (3.21) and Propo-
sition 3.6 (ii) resp. Proposition 3.6 (i).

16



By (3.22), equality holds in the inequality of the proposition, if and only if for all
x € 0K
ri(a) K]
(z, Nk (z))  |K°|
which holds, by the above mentioned theorem of Petty [48] if and only if K is an ellipsoid.

= constant

Let K be a convex body in R". Recall that the normalized cone measure cmy on 0K

is defined as follows: For every measurable set A C 0K
1
emi (A) = ﬁHta: a€ A te0,1]}. (3.26)
For more information about cone measures we refer to e.g., [8], [18], [44] and [45].

The next proposition is well known. It shows that the measures P and () defined in
Proposition 3.7 are the cone measures of K and K°. We include the proof for completeness.
Nk : 0K — S"~1 2 — Ng(x) is the Gauss map.

Proposition 3.8. Let K a convez body in R™ that is Ci. Let P and Q be the probability
measures on 0K defined by (5.23). Then

P = NglNKocho and Q = cmg,

or, equivalently, for every measurable subset A in OK

P(A) = empeo (NKi (NK(A))) and Q(A) = emg(A).

Proof.
1
Q) = g7 [ (o Vi) (o) = e (4).

Also

B kr(r) dpg(r) 1 1 olu
PU = | G o T Sy TR

Let B C 9K°. Then

CmKO(B) |Ko|’{$€Ron”K X H || € Nko (B)}’ .
Let A={x € R": |lz|xo <1, s € Ve (B )} . We have (see [45])
emgo(B) = H / / " A (r0)drdo(6)
[K°|  |Ke| n1
ol .
= = r" " drdo(6)
|K |/NKo(B)~/0
= L ! do(6).

n|K°| Jn,om) Mic(0)

17



Let B € OK° be such that Ngo(B) = Nk (A). This means that B = N (Ng(A)). Then
P(A) = emgeo (NK(% (NK(A))), which completes the proof.

Therefore, with P and @ defined as in (3.23),
D r(P||Q) = Drr,(Nk Ngsempeo || em) (3.27)

and we get as a corollary to Proposition 3.6 that the invariant (2 is the exponential of
the relative entropy of the cone measures of K and K°.

Corollary 3.9. Let K be a convex body in Ci. Then
K°|

Ql/n _ |
K]

exp ( — DKL(NKNI;%CWLKO ||ch)> .

Finally, an isoperimetric inequality holds for the affine invariant Qg:

Proposition 3.10. Let K be a convex body in Ci of volume 1. Then

Qre < Q)

with equality if and only if K = E%

Proof.
The proof follows from the above information inequality for convex bodies together with
the Blaschke Santalé inequality and the fact that (B3ye = |B2|?n.

In the next section we show that the invariant Qg is related to the L, centroid bodies.

4 Z,K) for K in C?

In this section we show how Qp is related to the L, centroid bodies. The main theorem
of the section is Theorem 4.1. We assume there that K is symmetric, mainly because the
bodies Z,(K) are symmetric by definition. Also, throughout this section we assume that
K is of volume 1.

Theorem 4.1. Let K be a symmetric convex body in R™ of volume 1 that is in C’f_. Then

n(n+1)
2

(i) lim 2

Jim P (Z5(0)] - 7)) =

[K°).

18



o . o o n(n+1 o

(i) gim p (1250501 - 1571 = "0 o 75001 ) =
. n(n+1)
1 Z°(K)| — |K°| — ———=1 K°|) =
i p (125001 = 167 = "0 tog |17 )

1 / hac()™ log (27" e (u) ™1 frc () dor(u) =
S‘n, 1

2
1 k() o k(x) .
5 L @ N@) (2"+17rn—1<x,zv<x>>n+1) Ay ()

Thus Theorem 4.1 shows that if K is a symmetric convex body in Ci of volume 1, then

: (o) o n(n+ 1) logp (o)
i p (123801 5] = R 75 ) ) =

aim (1250000 = 10— "0 D g 1) =
s L o (2"“ " 1%)@“@:
log ( 2”“"1 /8K e ()
1 T
2 / S ( ”“)
log (2"+17r"_1)@ |K;' log Qg = | |10g n(n+1g)2:n(n71)

or

. |Z, (K)| n(n+ 1)logp
i (S - (1- 52

n(n+1)logp. |Z;(K)| 1 Qx
((1— 2p ) ‘K°| -1 ——ilogm (428)

= lim p

p— 00

So we have the following

Corollary 4.2. Let K and C be symmetric convex bodies of volume 1 in Cf_. Then

2% (1_M)|Zo( )‘_1 -
K| -

.
@ i 5

. 2p (1Z5(K)| n(n+1)logp Q"
lim — —(1-—=—"0) ) = —71 og — & —
p—oo N |K°| 2p 2 on+1yn—1

n—1

n+1

2T _
= (n—|—1)log< ‘K°| > + Dk, (NKN gchoHch)

19



o n(n+1)logp |Z§(K)| 1 ) IK°|
lim 1 1) > 1 2n(n+1) n(n—1) ]
(”) PLoop (( 2p ) ‘l{ O| 2 8 |K|

The corresponding statement for lim,_,o p (‘leo}g{l)l — (1 — "(”%;bgp)) also holds.

(#9) lim p

p—00

| nlnt Dlogp (1Z5)] _IZHON _ 1, 00
2p < C°] o 8 Qg

Proof.

(i) follows from (4.28) and Corollary 3.9, (ii) follows from Proposition 3.5 (iii) and (iii)
follows from (4.28).

The remainder of the section is devoted to the proof of Theorem 4.1. We need several

lemmas and notations.

Let 2,y > 0. Let I'(z) = fooo A~le=Ad\ be the Gamma function and let B(z,y) =
fol AT = MY la) = % be the Beta function.

We write f(p) = g(p) £o(p), if there exists a function h(p) such that f(p) = g(p)+h(p)
and lim,,_, o, ph(p) = 0, i.e. h(p) has terms of order 1% and higher. Similarly, f(p) = g(p) £+
o(p?), if there exists a function h(p) such that f(p) = g(p) + h(p) and lim,_,~ p*h(p) = 0,
i.e. h(p) has terms of order z% and higher. We writef(p) = g(p) £ O(p), if there exists a
function h(p) such that f(p) = g(p) + h(p) and lim,_ h(p) =0

Lemma 4.3. Let p > 0. Then

(1) (B(p—kl,n;l));; = 1—@10gp+210g<1"(?)>+
nz(TSLp"gl)Q(l()gp)2 —~ ng(;lp—; D log (F(n ;_ 1)) log p +
Y AT
+o(p?)

(1i) Let 0 < a < 1. Then

n

1 _ P
/up(l—u)%(l—a(l—u))%du zl—wlogp—i—
0 2p
n
p

n n2 n 2 n2 n n
log (F( . 1)) + D g pyr - D (F( ;1)) log p +

2p?

o [n (log (r(”“))f— (4 1) (450 +6) —(n+1)<n§) @

) + o(p?).

20



The proof of Lemma 4.3 is in the Appendix.

Let f : R, — R, be a C? log-concave function with fR+ f(®)dt < oo and let p > 1.
Let g,(t) = tP£(t) and let t, = t,(f) the unique point such that g (t,) = 0. We make use
of the following Lemma due to B. Klartag [26] (Lemma 4.3 and Lemma 4.5).

Lemma 4.4. Let [ be as above. For every ¢ € (0,1),

tp(l+e)

/O P f(t)dt < (1 + Ce*”pfz) /t 2 f(t)dt

p(l—¢)

where C > 0 and ¢ > 0 are universal constants.

We think that the next lemma is well known. We give a proof for completeness.

Lemma 4.5. Letu € S~ . Let f and tp, be as above and f also such that it is decreasing

and a probability density on [0, h(u)]. Then

lim ¢, = h(u).

Jim &, = h(u)

Proof. )

We only have to show that lim, .. t, > h(u). By Holder, (foh(u) tpf(t)dt) " — h(u).
Thus, for € > 0 given, there exists p. such that for all p > p.,

h(w)
/O P f(t)dt > (h(u) —€)®

By Lemma 4.4, for all 0 < § < 1, [P f(t)dt < (1+Ce_6p52) Lip(gljéi) tPf(t)dt. We

choose 6 = -4 with p > p. and get, using the monotonicity behavior of t*f on the

p4
respective intervals, that

tp tp(146)
_a)? —ep/p
(h(u) —e)" < (1+ce P P) th(l_é)tpf(t)dwr/t tpf(t)dt]

< (1 +Ce—CW73) pityfty) .
As f is decreasing, f(t,) < f(0). Moreover t, < h(u). Thus, for p > p. large enough,
1
(p%tpf(tp)) " <1+e¢ and hence h(u) —e < (1+¢) t,

Remark

We will apply Lemma 4.4 to the function f(¢) = |K N (u* + tu)|, u € S"~!. We show
below that f is C2. Thus t, is well defined and Lemma 4.4 holds. Also, ¢, is an increasing

function of p and by the above Lemma, 4.5, lim,_,o0 t, = hi (u).

We also think that the following lemma is well known but we could not find a proof in
the literature. Therefore we include a proof.
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Lemma 4.6. Let K be a convez body in in Ci, Let w € S"~1 and let H, be the hyperplane
orthogonal to u at distance t from the origin. Let f(t) = |K N Hy|. Then f is C?. In fact,

/ <U,NK(1‘)>
t)=- 1 d NH T
f'(®) /8KmHt (1 — (u,NK(x)>2)§ pornm, ()
and
f”(t) —
_ “(mt)ﬁ B (n —2) (Ng (), u)? N
/akmqt {(1 — (Nge(ae),u)?)?  (Nknm (@), 20) (1 (Ng(2),u)?) dpoknm, ().
Proof.

We assume that int(K) N Hy; # (. To show that f € C?, we compute the derivates of f.
We first show that

oy — (wNe(@) (.
o /E;’KmHt (1 = (u, Ni(2))2)* poroi: ()

Indeed, for x € 0K N Hy, let a(x) be the (smaller) angle formed by Ng(x) and u. Then
cos a(x) = (u, Nk (z)) and

1 1
f(t) = lim = (|KﬂHt+s| - KﬂHt> = —lim - </ e cot a(z) dﬂaKnH,,(SC)>
OKNH;

e—0 € e—0¢

-/ WD) oo ().
OKNH; (1 — <u, NK(;L')>2)

N|=

We show next that

f//(t) —
_ () T B (n—2) (N (1), u)>? )
/8KOHt [(1 —(Ng(z),w)?)?  (Niom, (@), 2e) (1- <NK(xt)7u>2):|dM6KﬂHt( t)-

By definition

Nl

") = — lim 1 (u, Nk (Ye+2)) .
F=-] </6KmHt+E (1 — <U,NK(yt+E)>2) ot (ree)

_/ (u, N (24)) . dﬂaKﬁHt(xt)>
oKNH, (1 — (u, Ng(24))?)?

We project KN Hy,. onto K N H; and we want to integrate both expressions over 0K N H;.

To do so, we fix - after the projection - an interior point ¢ in K N Hyy.. For x; € 0K N Hy,
let [zg, z¢] be the line segment from xg to x; and let x4 = OK N Hepe N [x0, 2¢]. Now
observe that

1 l|z¢tell e
dpoknm,,. = < dpaxnm,,
HOKOH e = TN, (@), Ny, (r1e)) \ ] HoKn
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where Ngnp, (x4) is the outer normal in z; to the boundary of the n—1 dimensional convex
body K N H; and similarly, Nkgng,, . (2¢4¢) is the outer normal in x4, to the boundary of
the n — 1 dimensional convex body K N Hy,..
Notice further that
€ (N (1), u) [l
(Nknm, (@), ) (1= (Nk (), u)?)

(||xt+g|>"‘2 _ <1 ) ¢ (Nic(a1), u) )
[l (Nknm, (7¢), 1) (1= (Ng(2¢),u)?)?
(n—2) € (Nic(),u)

1
(Nknm, (z1), 2) (1= (N (2),u)?)?
+  higher order terms in ¢

llze|] = ||zeqell = + higher order terms in ¢.

[E

Therefore

= 1—

Thus
) = —im s { (u, Nic (yis<)) :
nHe WNgam, (21), Neat,,. (Tee)) (1= (u, Nk (yeie))?)
X (1 — (n—2) e (N (1), w) — + higher order terms in 5)
(Nrnm, (z1),21) (1= (Nk(z1),u)?)?
(u, N (2¢)) 1} ditoxo, (1)
(1= (u, Nk (24))?)?
- 7/ lim { w, N (i) ;
oKnH, 0 € (Ninm, (21), Nk, . (Tege)) (1= (u, N (yeqe))?) 2
x (1 — (n—2) e (Nic(xe), u) — + higher order terms in e’:‘)
(Nrnm, (1), 7) (1 — (Ni(21),u)?)?

B (u, N (1)) 1} dpsrcnm, (z1).

(1 — (u, Nk (24))?)?

We can interchange integration and limit using Lebegue’s theorem as the functions under

the integral are uniformly (in ¢) bounded by a constant.

(Ni(z)w) __ Then the expression under the integral becomes
(1=, N (20))2) 2

[ gyt +e) (1_ (n—2) e (Ng(z),u)
=0 ¢ [(Nkn#,(21), NknH, . (Trse)) (Ngnm, (), 2) (1 — (Ng (), u)2)

Denote g, (t) =

N|=

+ higher order terms in E) — 0 (t)]
(n—2) (Nk (1), u)?
Nrnm, (@), 2¢) (1= (Ng (), u)?)

Here we have also used that, as ¢ — 0, ¥4 — %4, Nxnm,.. (Ti4e) — Ngnm, (z¢) and
gyt +¢) — g2(t).

— iy 2 gy (46 - 0al0)] -
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To compute lim. o 2 [gy(t +¢&)— gs (t)] , we approximate the boundary of K in x;

by an ellipsoid. This can be done as 0K is Ci by assumption (see Lemma 4.8 below).
To simplify the computations, we assume that the approximating ellipsoid is a Euclidean
ball. The case of the ellipsoid is treated similarly, the computations are just slightly
more involved. As the expression under the integral depends only on the angles between
the vectors involved, we can put the origin so that the approximating Euclidean ball is

centered at 0. Let r = m(xt)n%ll be its radius. Then

1 1 K(xy)»—T
lim — |gy(t+¢€)—g:(t)| = 3 = 8-
t, 2 [an+9) - (0] (= (k@) (1 (Nioo), w?)?

Alltogether

- /8KOHt |:(1 - <K/(:Et)711 (n ) 2) <NK($t)7 u>2

Ni(z),u)?)?  (Ninm, (@), @) (1~ <NK($t)7u>2)}d#aKﬁH" (@2)-

Lemma 4.7. Let K be a symmetric convex body of volume 1 in C’i.

(i) The functions

p 1 EAGSION
log(p) hz, (k) (u)™ <1 hrc(u)® >

are uniformly (in p) bounded by a function that is integrable on S™~'.

(ii) The functions

_ <1 B th(K)(U)n - n(n+1) loglp) hz,x) (u)”>
hz, k) (w)" hic ()" 2 p hx(u)"

are uniformly (in p) bounded by a function that is integrable on S™~1.

Proof.

(i) Let uw € S"~!. Let z € OK be such that Nk (z) = u. As K is in C%, by the Blaschke
rolling theorem (see [51]), there exists a ball with radius r¢ that rolls freely in K: for all
x € OK, By (x — roN(x),r9) C K. As K is symmetric,

hic (u) »
GA ﬂwewaw:ﬁw>

hi (u)
2 / t”\{yeBg(CE—ro u,rg) Su,y) =t} dt
h

Kx(u)—r

" " hx (u) h —t % v
2% |By v / t*( 2ro (hi (u) — t) 1—% dt
hic (w)—r0 2ro
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The equality holds as the (n — 1)-dimensional Euclidean ball

By(z —ro u,r) N {y € R™ : (u,y) =1}

3
has radius (2r0 (hK(u) - t) [1 - M] ) . Now - where, to abbreviate, we write hg,

2’)“(]

hi(u)—t
27"0

n n n(n—1) hk t ";1 %
ha, () > 28 (B (o hie) A wQ_m) "
K—To

ntl  n—1 % 1 n— %
B (2 B2 by 1y ) (/ wP (1 — w) 21dw> . (4.29)
1—-0

hg

hz,(k), instead of hx (u), hz,(x)(u) - and where we use that % <1-

3

V

As K is symmetric, 1o < hg(u). If ro = hg(u), then

h [ R 5 1 — b
ZhriK)>(2r02 hy? |Bg—1|) (/ w”(l—w)‘zldw> .
0

If ro < h(u), we apply Lemma 4.4 to the function f(w) = (1 —w)"“z . We choose & so
small and pg so large that ¢ + (1+¢) ’;pol <z ”’ . Then Lemma 4.4 holds and we get for all
D 2 Do

h n-1l a1 B 1 - »
0 s (2nt ond B ([ w0 w) T
M 1

217 hig 1By O, e\

n—1 n+1 % n
2ry” hg By n+1\7
B 1 .

( 1+ C e~cpe? (p+1, 2 )

As
n—1 1 % n n—-1 ntl _1
(207 mid 1B37Y) =1+ log 2707 byt |BE| * o),
respectively
2ot hig B\ n [2reT n |BY
—14+ 2
( 1—|—Cecp52 +p0g 14 C e—cpe? +o(p)

we get, together with Lemma 4.3 (i)

h’ 1
72}1751() > 1- 7n(n2+ )logp+ — log [2 T2 h n |By F( ; ﬂ + o(p)
p
> 1- TL(T;;_)logp—i— — log [4 r§ ' 7" R £ o(p) (4.30)
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respectively

h7 - 2p o8P P ©8 1+ C e—cre? O\PAS-
n(n+1) n 4 pytan—ipntt
> 11— — =1 — 1 —_— 2 |+ 4.32
> oy o8Pt o log A1C o) o(p) (4.32)

Now notice that there is o > 0 such that
1
By (0,a) C K C B(0, a).

This implies that for all u € S ! o < hx < L. Moreover we can choose a so small that

we have for all p > pg > 1

Q=

1
B(0,0) € Z,(K) C K € B}(0, ),
which implies that for all u € S"~1, for all p > po,
(4.33)

On the one hand, as Z,(K) C K,

h n
p 1 <1 B 2z, (k) (1) > >0
log(p) hz,r)(w)"

On the other hand, we get by (4.30), (4.31) and (4.33) with a constant ¢

P 1 hz,x)(w)" cn 1 1 n—1gr
(1— o (1 o lom (4 i)

log(p) hz, (x)(u)" hy(u)™ an
4rg_177"_1
oz (55 )

IN

m<n+1+

a’ﬂ

IN

log po

respectively

h n n—1_n—13n+1
p 1 (1 2, (k) (1) ) L o (n+1 L 1og <4r0 b >)
log(p) hz, (k) (u)™ an logp (14 C e—cpe?)2

47,n—17.rn—1
s () )

cn
< (n+1+
an

log po

The right hand side is a constant and hence integrable.

(ii) As K is in C?, there is R > 7o > 0 such that for all z € K, K C By(z — RN(z), R).
Then we show similarly to (4.29) that

n

1

n—1 ntl ne1\ b 1 n—1 P
ho(wy < b (275 1By nd BT (/0 w”(l—w)2dw> .
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B 2 th(K)n

and thus, similar to (4.30)

GRS
o S

n(n+1)

logp + % log [2"“ R"flﬂ'”*lh?(_l] + o(p)
Hence, together with (4.30) respectively (4.31)
log [2"*t R gt h}‘(_l} +O0(p) <

P (1 B hyz, k) (u)" ~ n(n+1) log(p) hz, k) (U)n>
iy () ()" 2 p Al

T2 hy (g

n
<——— log[4 27 B2 £ O(p).
2 hZP(K)” [ 0 K ] ( )

respectively

log [2"T1 R*'a" T £ O(p) <

p <1 hz,a0®" n(n+1) log(p) thm)(u)")
hpr(K) (u)n hi (u)n 2 D hi (u)n
4 7‘61_17'(“71 h?{-‘rl

+ O(p).
{ (1+C e—or)2 (®)

B 2 th(K)n

Hence, using (4.33), we get with an absolute constant ¢ for all p > pg

‘ p <1 ~hz,u0@" n(n+1) log(p) hz (K ) ’
|

th(K)(u)” hK(U)n 2 P

cn
< —
an

2n+1 Rn 1 n 1
log { ]

Again, the right hand side is a constant and therefore integrable.

AsK € C’f_, the indicatrix of Dupin at every z € K is an ellipsoid. Since the quantities
considered in the above Theorem 4.1 are affine invariant, we can assume that the indicatrix
is a Euclidean ball. We have (see [52])

Lemma 4.8. Let K C R™ be a convex body in Ci. We assume that the indicatriz of Dupin
at x € OK is a Fuclidean ball. Let r = r(x) = fi(:n)_ﬁ and put w = N (x). B(x —ru,r)
is the Fuclidean ball with center at x — ru and radius r. Then for every € > 0 there exists
A. > 0 such that for all A < A,

Bz — (1 —¢)ru,(1—e)r) N H(z — Au,u)~
CKNH(x—Auu)” CBz—(1+e)ru,(1+e)r) NH(z — Au,u)”.

H(x — Au,u) is the hyperplane with normal u through  — Au and H(x — Au,u)~ is
the half space determined by this hyperplane into which u points.
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Proof of Theorem 4.1

(i)

. o1 1 1
‘ZP(K” - |K | - E /S"—l <h‘TZLp(K)(u) - hnK(u)> da(u)

Hence
P o oy 1o p / 1 R, x) (W)
lim Z)(K))|—|K°|) = = lim 1-—% do(u
p—oc logp ((Z5 (RO = 1K) n p—oo logp Jgn—1 h%p(K)(u) ( R () (u)

1 1 hy, ) ()
n Jgn-1p=oelogp hy (u) R (u)

where we have used Lemma 4.7 (i) and Lebegue’s theorem to interchange integration and
limit. Let u € S"~1. Let 2 € 0K be such that Ng(z) =u. As K isin C%, k = kg (z) > 0
and we can assume that the indicatrix of Dupin at z is a Euclidean ball with radius

r=r(z)= H(Qﬁ)”%ll

O ( / |<y,u>|pdy); - (2 / M el e K ) = t}|dt>

> (2/”@ Py € K : (uy) =t} dt)
(

n
P

P
1—&)(hk (u)—Ac)

n

hi(u) P
> (2 /( t*H{ye Bz — (1 —e)ru, (1 —e)r) : (u,y) = t}|dt> ,

1—e)(hr (u)—Ac)

where we have applied Lemma 4.8. In addition, we also choose A, of Lemma 4.8 so that
A, < min{e, (1 —e)r}.

Blz—(1—-¢)ru,(1—¢e)r)n{y € R™: (u,y) =t} is a (n — 1)-dimensional Euclidean ball

with radius l
(2(1 —e)r(hx(u) —t) [1 _ }M} )27

which, by choice of A, is bigger or equal than

(2(1 — )r(hic () — 1) {1 - g(h’;((i‘)fg)lr 5)] )
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Hence

2 0 () = ( / <y,u>f’dy) ">

n
14

2 1B 12(1 — =N e (v) =\
B3 20 =) r hucu)] / tp (1_ t ) i) =
[1 _ a(hK(u)+175):| 2 (1—e)(hx (u)—Ac) hi (u)

2(1—e)r

s 3
3

By (A=) ) T Rh] ™ |, ( / 1 vP(1 - vyzm)
(

[1 B a(}bg((luzglr_g)} 5 1-e)(1-72%7)

Now we apply Lemma 4.4 to the function f(v) = (1 — v)%. fis C? and v, = 1++;1
Thus Lemma 4.4 holds. v, of Lemma 4.4 is an increasing function of p and lim,_, v, =1,

Hence, for € > 0 given there exists p. = p. A, namely p. > %, such that for

hK(u)fA

all p > pe, vp > (@) =. In addition, we also choose p. so large so that p. > 5% Thus

p

n n— n—1 ntl %
Mu0™ | 1BE (=) )7 [2huc(w) (1 o) de
Wi (u) _e (hg(w+1-0)]"T 0 '
(1 + Ce E) |:1 - = l;((ffs)r s :|
Now
n—1 n—1 ntl v n—1 n—1 ntl
1By (A—¢) r) ® [2hk(u)] 2 14" |By [(A—¢)r) 2 [2hg(u)] 2
(hx (u)+1—¢) " - p & e(hx (u)+1—¢) =
—c< U — _c x(u —
(1+Ce %) {1—6 S—2)r } (1+Ce¢) [1—2(17_5)r
2
Lo, | 1B (=) )7 Rhsc(u)] )
+§ — log . = + o(p?). (4.34)
_c +1—
(1 + Ce E) |:1 - = g(lufa)r = :|

Together with Lemma 4.3 (ii) (for a = 0) we then get: For € > 0 given, there exists p.
such that for all p > p.
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GRS

P (u)  —
1 n—1 1 — n—1 92 n+1
1-— n(n2;— )logp+ ;—plog ™ ( 5 )" Rhue(w)] p—1 +
_c hi(u)+1—
(1+Cem2)? [1 - gzl )
n?(n 4+ 1)2 n?(n+1 a1 (1 — &))"t 2k (u)]"
(8])2 ) (10gp)2— (2p2 )IOg ((C 5 )7) (h[ (l)fil)}) w1 | logp
(1+Ce™%) [1 - %fy}
_n(n+1) (n*+ 3n +6)
2p? 4
n? n+1 2 7L ((1 = &))" 2k (w)] T
257 (1og (F( 5 ))) +2log ((c - )r) (h[ (;;(1)]) — |+
L (1 + CB_E) |:1 B IQ((I—E)T
- 2
n By ((L-2) 1) [2hye(w)*
% log 2 LS/ - + o(p?). (4.35)
—c hi(u)+1— 2
_ (1+Cet) [1- igloti=a)]
Thus
N U ATSIOADS
log p hg(u) )~
n(n+1) n (1 —&)r) " 2k (u)]* T
5 - 210gplog . ot +o(p). (4.36)
P 3 Klu —
(1+Ce%) [1 =

On the other hand, by Lemma 4.6, the function f(t) = |K N (u’ + tu)| satisfies the
assumptions of Lemma 4.4 and ¢, is well defined. Also, ¢, is an increasing function of p
and by Lemma 4.5, lim, .. t, = hx(u). Hence, for £ > 0 given there exists p. = pe a.
such that for all p > p,, t, > hx(u) — A.. In addition, we also choose p, so large so that
pe > 2. Thus

n

h (u) P
W, )W) = <2/0 t"{y € K : (u,y) = t}|dt>

, hc (u) i
< (2(1+0e p)/ Py e K - (u,y) = t}|dt
tp(1—e)
o rhr) P
< <2 (1+C’e*?)/ tp|{y€K:<u,y>=t}|dt>
(1=e)(hx(u)—Ac)
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n
p

hi (u)
< (2 (1+Ce %) /( Py e Bz — (1+e)ru,(1+2e)r) : (u,y) = t}|dt>

1—¢)(hx (u)=Ac)
In the last inequality we have used Lemma 4.8. The latter is

n

P

. hi(u)
< (2 (1+ C’e_?)/o Py e Bz — (1+e)ru,(1+e)r) : (u,y) = t}dt)

As above, we notice that B(z — (1 + &)r u,(1 +e)r)N{y € R™ : (u,y) = t} is a
(n — 1)-dimensional Euclidean ball with radius

hic(u) — ] ?
2(1 — 1l— ———
(20t -0 [1- 36257
which is smaller than or equal

2

(2(1 + e)r(h(u) — t))

We continue similar to above and get that there exists (a new) p. (chosen larger than
the ones previously chosen and larger than 5%) such that for all p > p.

hy (k) (W) n(n+1) n (14 &)r)" ! [2hg (u)]"
O <1- 5 logp + %log (ESHE +
n*(n + 1) s ni(n+1) (14 e)r)" ! 2 ()]
T(logp) R log ( L+ Ce D)2 > logp
n(n+1) | (n? +3n+6)
22 4
n? n+1 2 (1 +&)r) " 2k (u)]"
? [<log (F( 5 ))) + 2log ( i+ Ce 92 +
n? By (L +e) 07 Rhs(w)
o7 l(log( 2 (1 Ce o)1 >> :I:o(pz). (4.37)
Thus
p(_"heo®)
logp R (u) ) —
n(n n a1 Pt w)]" !
( 2Jr o 2logp ( ((1;;?)6)‘6_3[)2};](( : ) +0lp) (4.38)

(4.36) and (4.38) give that

h7% U
o P (1_ 2, )> _n(n+1)
p—oo logp




Hence, also using that, since K| =1, hz (x)(u) — hx(u),

h”, U
[t (i M)
gn—1 p—oo logp th(K)(u) R (u)

1 h” u
= - / lim — ! lim —2 1-— %)() do(u)
N Jgn—1 p—oo th(K) (u) p—oo logp h ()

n+1 / 1
= _— dJ u
2 Sn—1 h?{(u) ( )

lim P

Jim P (1230 1K) =

S|

nn+1),
This finishes (i).
(i)
1Z,(K)| — |K°| - T'K | =

/ 1 1 n(n+1) log(p) 1 do () =
gn-1 h%p(K)(u) h () 2 p R (w)

/ S S o000 n(n+1) log(p) 7,0 ®) o
st M, 0y (W) hii (u) 2 P hi(u) :

S|

S|

Hence

. o oy nn+1)logp
i p (125000)] - 17| - PO )

2p
l/ lim ——- 1— 1,00 n(n+1) log(p) "%, 00 do(u)
T Jgn—1 P00 hTZLp(K) (u) P (u) 2 p R (u) ’

where we have used Lemma 4.7 (ii) and Lebegue’s theorem to interchange integration and
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limit. By (4.35) we have for all p > p.

(1_ 2,00 (W) n(n+1) log(p) hTZLp(K)(u)>

i (u) 2 p hg(

<

T 1 1—6) )n—l [2]1 ( )]n-l-l N n2(n+1>2

2
2 Og n—1 2 (logp)
—-< hi(uw)+1 8p
1+O€ e 1—%}
n(n+1) | (n +3n+6)
2p? 4

n—i <log (F(n il 1)>>2 +2log ( (1 —e)r)" " 2k (u)]" ! B

227 2 _en2 e(h (W) +1—e n—1
i 1+ Ce¢) {1 — lhctlo)
i 2
n2 |B£1—1‘ ((1 _ 8) T)% [QhK(’U,)] T';—l ,
o2 | |10 = +o(p?)
—< (hi (u)+1—¢) 2
i (14 Ce) [1 — Lgliti=)]
Thus
p1- hy (K)( u) ~ n(n+1) log(p) h%p(K)(u) _
R (w) 2 p hk) |
n 7.‘.nfl 1—€Tn_1 2h un—i—l n2n—|—12
_§log ((r 2 ) ) E(h[ ('uj:»(l)}:) n—1 (SP ) (logp)2
(1+Cem2)? [1 - lgiizel|
n(n+1) | (n®+3n+6)
+
2p 4

n (log (F(n h 1)))2 1 2log ( (1= o))" 2 (u)]" T B

n—1
” ’ 1+ Cemt) [1 - Sgliiiza]
: 2
2 nel (1= g) ) E 2
o [ 1o | P B o) (430
_c hr(uw)+1— 2
i (1+Ce) [1 - lgloti=o]
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Similarly, using (4.37), we get for all p > p.

» (1 B h%p(K)(U) _ n(n+1) log(p) h%,,(K)(“)) -

hi (u) 2 p hi(u )<
e O
e [ e
5 [ o (e
721; <10g (BS”I ((1&?02:)[21}1,((@]"31))2 o )

(4.39) and (4.40) give that

hi () 2 p o hg(w)

- log (ﬂ"_lrn_l [QhK(u)]"+1) )

(1 _M200)  n(n+1) log(p) h%puo(“))

The limit lim, .o p (|Z;’(K)\ — |K| - ) 1og p [ 25 K)\) is computed similarly.

5 Applications

The fact that Qg can be expressed in different ways allows us to compute the integral in

the next proposition.

Proposition 5.1. Let 1 < r < co and let B? be the I~ unit ball and let (B*~1)T be the

set of all vectors in B"~1 having nonnegative coordinates. Then

/<B?‘1)+ jnll il log [(T -yt f[1 jzi| "2
e e (wr? ) Fl(nrrl)) )+ 0-1) 1]

-1
x, dry...drxp_1 =

rn—l F(Lr—l)) T (=1 [(n=1
Proof.
In Chapter 3 it was shown that
n ki () KK (z)
log Qg = — / lo d x).
B =GB Joxe (oo Nic(a))™ %8 T, N ()i 48 ()
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We apply this formula to K = B}', 1 < r < oco. It was also shown in Chapter 3 that

2 (N - ) ) + - ]

The curvature at a boundary point of B} is (see [54])

(r= D" Iy ™2
(i faif?r=2)

logQpn = —n [

k(x) =

and the normal is (see [54])

(sgn(zy)|z1|""h . sgn(wn)|@n ")
n _o\ 1 °
(21:1 |z;[2r=2)2

Thus we get - where B/} is the polar of B, i.e. 7’ is the conjugate exponent of r -

|12 (Zf:f; - FF'((Z:Tf 1))+ =0 o] 321 -

T T

NaB;L (1‘) =

r—1 n—1TT" T r—2 B n -
/ (( ) H;T12‘ z‘ log (7“ _ 1)n 1 H |1,2|'r 2 dﬂaB;L (x)
om (i [ 11
Now we integrate with respect to the variables z1,...,2,-1. The volume of a surface

element in the plane of the first n — 1 coordinates equals the volume of the corresponding
surface element on 0B;" times

| < en,Nopn(z)>|=

Thus, with (B"~1)T being the set of all vectors in B?~! having nonnegative coordinates,

n r 2 n 1 r—2 1—r
2" (r —1)" /Bnl 1_[|xZ 1ogl — H|x| 196” dxy...dx,—1

=2 -1 / ; szbg[ - MHW ]dd
.

i [T ) WA

r

where we have also used that

2n(r — 1)1 (D(=2))"
n rn—1 F('IL(T‘—l) '

|B| =
—)

There are still other ways how i can be expressed. Similar to Theorem 4.1, Qi appears
in the asymptotic behavior of the volume of certain surface bodies and illumination surface
bodies [59]. We show the result for the surface bodies. For the illumination surface bodies

it is done similarly.
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The surface bodies, a variant of the floating bodies, were introduced in [53, 54] as

follows

Definition

Let s > 0 and f : 0K — R be a nonnegative, integrable function. The surface body
K, is the intersection of all the closed half-spaces H * whose defining hyperplanes H cut

off a set of fux-measure less than or equal to s from 9K. More precisely,

Kfq= ﬂ HT.

Joxnu— fdurx<s

Proposition 5.2. Let K be a symmetric convex body in R™ that is in C_2|_.

|K| — Kyl
2

sn—1

dn limsgo

k() k() e 1
/¢9K (2, N(z))" log (WW) dp(x) = |K°| log an

where K¢ s is the surface body of K for the function

n(n—1) _n—-1

_ (@ Nie(@) . ;
1= R (o (o)

2
n—1

and where d,, = 2<|Bgl>

Proof.

The proof follows immediately from the following formula which was proved in [54] (The-

orem 14)

K|— K7 T
s—0 gn—1 K fnfl

6 Appendix: Calculations with I'-functions.

For z,y > 0, I'(z) := [;° A*'e~*d) is the Gamma function and B(z,y) := fol AT —

A)Yld) = % is the Beta function.

Recall that we write f(p) = g(p) = o(p), if there exists a function h(p) such that
f(p) = g(p) + h(p) and lim,_, ph(p) = 0 and similarly, f(p) = g(p) & o(p?), if there exists
a function h(p) such that f(p) = g(p) + h(p) and lim,_,o p?h(p) =0
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We will frequently use: For x — oo,

-1 1 1 )
For every z,w >0
oy gz (l082)” o(p?)
D 2p?
and
w?(logz)?

(P+Z)w/p:1+%logp+ +gio(p2).

2p?

Note that if f(p)? = o(p) then (1+ f(p))(1 — f(p)) = 1 % o(p), which means that

1
T i) 1—f(p) £ olp).
Also
a a ab

Proof of Lemma 4.3

(i) We use (6.41) and get

(B+1.75 1)); - (r(zorﬁil’)?l)”";l))z

n+1
2

n nr2 1
F(%l) ‘ (p+ 1)p+2 {1 + 12(;+1) + 288(;;+1)2 + 0(172)}

ntl\p+1+% 1 1 2
(p+ 1+ 2L )p+i+s {1+ e sy £ o )}

n(ntl)

n+1 n4l b p+1 %(p+%) 1 o7
=T e 2 — — o«
? pHl+57 p+1+25

n
p

1 1
1+ 071 | 388 F)? +o(p?)

1 1 B
1+ 12(p+1+242) + 288(p+1+211)2 +o(p?)

Note that

1 1
1+ 12(p+1) + 288(p+1)2 + 0(102)

1 1 B)
1+ o T e e © o(p?)

Also

1

(r ("“) e"f)"
2

nintl n+1 n? [n+1 n+1N\1?,
_1+p{ 5 +log<F( D) ))]+2172[ 5 —Hog(F( 5 ))} + o(p?),
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n(1+ﬁ n
_ I (R B (¢
1+ n+1 - 1+ n+1 €
2(p+1) 2(p+1)

nn+1)  n(3+5n+3n? +n3
- 1- ( )_,_( y ):|:0(p2)
2p 8p
and
n(nt1)
p+1+ 2t
nn+1) n?(n+1)32 5 nn+1)(n+3) 9

=1-—">"1 —1 -+ .
oy 08Pt g (log p) 12 o(p”)

Hence

nn+1) nB+5n+3n2+n 9
1—
o T 52 o(p”)

1, N n?(n+1)2
0
% gp 8p?

n(n+1)

(log p)

(o1
(el e o1 )] o)
(

(

5 nn+1)(n+3) n 0(p2)>

n+1)> N n?(n+1)?

n
] Zlog (T
0gp+p0g< ( 5

—Mlog (F(m)> logp

o n(log(r<”“>))2—”“(n<n+1>+2<n+3>>

1 +o(p?).

1 . »
(/ w1 —u)T 1—a(l—u)= du>

0

1 L n—=1 n—=1 7

uP (1 —u) 2 {1—<2>a(1—u)+(2>a2(1—u)2:|:..ldu>

) 1 2

n-+1 % n—1 n—1 n—1 %

B(erl,T) {1(i)a33 +<§>a235<§>a337j:...]

(
( )

_ <B(p+1,n+1))pexp{210g 1(?) a Bs +<ngl) pe Bg,i...”
(re-1230) |

(?)mgg —(?) aQB5+;(<n?>) aQBgi...}..l




where for 3 < k < n — 2 and for a constant c

B(p+1,2%)  D(=HE) 1
k= (p nil) = (n-2i-1) k—1 (1 + E + 0(])))
Blp+1,25) T()p= p

Hence, together with (i),

(/Olupu—u)"z‘l(1—a(1—u))"21du);:1—"("2;1)10gp+

2 2 2
Elog I‘(nJrl) +n (n+1) (logp)2—wlog F(LH) log p +
2 8p? 2
+1

p 2p?

B el -0 7).
<

n [n <1Og (F(n+1)>)2 (n+1) (n® + 3n +6) )

4
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