Advection-Diffusion

D. Gurarie

Flux-divergence

Mass conservation law for space-time density U (X,t) and flux J=J (U,Vu,...) gives PDE
u =vV-J+S (1)

Here gradient V = (8X,8y , ) , S —local sources/sinks. PDE (1)is derived from integral form: total mass

in volume V, m= _UD udx, has rate of change

%m:ﬂv utdx=<j>2J-Nds (2)

- total flux through the boundary (Fig. 1). Since (2) holds for any (small) volume V, we get PDE (1) by
divergence Theorem applied to the RHS of (2).

N Figure 1

Advective (transport) flux is a function of u alone,
J,=c(u); orcu

¢ — velocity field, while diffusive flux depend on gradient

Jp=DVu; orD-Vu=>'D;0,u
j



D — diffusivity (scalar or tensor/matrix).

Specific cases
e 1D: U, =-cu, +Du, +S, onRorinterval [a,b]

e nD:u =-C-Vu+ DV2u+S, on R" or finite domain V (Fig.1)

r,o
. Polarcoordinates(’ ):

(r,0,¢):0<0 <7 - latitude; 0<¢ <27 - longitude

e Spherical coordinates

1 c,u
V-J,=cu +=|cu, +—2L
Ao r(“ sin&j
2 1 cos @ u
V-J,=DV’=D|u_+=-uU +—=|u, + u, + —2
D |:rr r r rz[ 00 sin® 14 Sin2¢9

Boundary conditions

Basic types of boundary conditions (BC) include on space-time cylinder (Fig.2)

1D on [0,/] nDinregionV, X
Dirichlet (D) Ul,o,=0o0r By, ul=0; B(y)
—u'|,,=0;B
Neumann (N) u’|X|:00 8 0 d.ul,=0;B(y)

—oU'+ U] =0 B,
Mixed (Robi ao U+ fpu)l.=0;B
ixed (Robin) U+ AUl =0 B, ( U+ B )|z (Y)




Figure 2

Initial condition (IC) for parabolic equation (1) is given by u(x,O) =f (X) - initial density profile.

Solution methods

Free space problem (IVP) on R or R»

u, =-cu, +Du, +S; oru, =—c-Vu+DV?u+S
(3)
u(x,0)=f(x)

All cases (constant ¢,D) IVP-solution can be expressed through the fundamental Gaussian

1 —x%/4Dt
G(xt)=——— e (4)
(1) (4zDt)™
Table 1
Case u(x,t)

c=0;S=0 IRHG(X—f,t)f(é)dg
c=0:S=0 .[J'R ~&Et-1)S(&,7)dEdr
c#0.5=0 [ [ G(x—ct-&1)f(&)ds




BVP in finite region: Eigenfunction expansion method

1D Diffusion with Dirichlet BC (and possible dissipation /loss rate of u)

u, = Du, —au+S; on [0,1]
BC:ul,_,,=0 (5)
IC:u(x,0)= f(x)

System of eigenvalues and eigenfunctions for BVP (5) consists of sin-Fourier modes
2
7k
ﬂ'k = D[I—j + a;

) (6)
v, (X)= sm(ﬂI Xj k=12,..

Any function f(x) on [0,I] can be expended in eigenmodes to get sin-Fourier series

x):ifkyxk(x)
h :%L‘ f (X, (x) o= L1

|

- Fourier coefficients

Solution of (5) is given by eigenfunction (Fourier) expansion
=2 fe ™y (x) (7)
1

Asall A4, >0 (with or w/o dissipation), all IVP solutions decay exponentially,

u(x,t)<Ce™; 4 = D(Izj +a

Solution of source problem S (X,t) has similar expansion

Ueﬂ“” dr}//k( )
s <t>=M

K - Fourier coefficient of S
vl

For stationary source S ZSk!//k , all terms of (8) can be integrated to get



o (™) 9
u(x,t)=>s, v (X) > w(x)+0(e ™)
1 A
Such solutions approach stable equilibrium:
_ i_k
T A
The equilibrium can be computed directly from stationary problem (5).

For boundary-source problem

—Dw"+aw=0; on [0,!]

w(0)=Aw(l)=B (o

we get

W(X)zw; ifa=0

B Asinh\E(l —X)+Bsinh \Ex_

w(x)= ifa>0
() sinh «/al

Equilibrium solution (9) with stationary S (X) , has another integral representation through the

fundamental solution (Green’s function) of BVP,

a=0 « :W

Namely,



Remark: The eigenfunction expansion method (shown for Dirichlet BC) extends to other types of 2-point

BVP, e.g. Neumann, mixed. For Neumann BVP the eigensystem consists of cos-Fourier modes

v, (X)= cos(#j; k=0,12...

and zero mode (k=0) corresponds to constant equilibrium density W(X) =y, (X) =1.
However, if transport term CU, is added in any 2-point BVP, there is no more a “natural” eigenfunction

system, and solution exhibit singular behavior at the boundaries!

Periodic problem in space

The “natural domain” for periodic functions in x “is a circle. In this case one can use both methods:
1) Fundamental solution, like on R or R"

2) Fourier expansion method {eikx 'k = —o0, oo} ,or {COS kx,sinkx:k = O,l,...} on [—7[,71']

The Fourier modes are “eigenfunctions” of the derivative operators L =0 ; L, =ad ?, or

L,=ad’+bo, +c

L[e" | =ike™

L2 I:eikx:l _ _kzeikx

L[ ™ | =(-ak® +ikb+c)e™
So Fourier series expansion of periodic BVP

u, = Du,, —cu,+au+S;

BC: u(0,t)=u(27,t); (11)

on circle is given by

—00

u(xt)= Re{i[ f e +.[;e*k“")sk (r)}e“} (12)

with complex eigenvalues A, = —Dk?+ick +a.



To get fundamental solution G (X,t)on circle we use the so-called theta-function (“circular

Gaussian”)

0(q,z)=1+ ZZTq"2 cos(2kz)

Then
G(xt) =%Zile‘tkz+“‘x %(H ZZ;e‘tkz oS kxj = e(e‘t,x/ 2) (13)
15| ]
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Fig.3: Standard Gaussian (left) and circular Gaussian (13) — right

Having computed we can write solution (12) as convolution integral on circle (similar to Table 1)

u(xt)=["G(x—ct-&t) £ (£)+ [ [ G (x—ct-&t-7)S (£ r)édr

IVP source




