
Predation 

D. Gurarie 

Volterra-Lotka (V-L) 

Classical V-L for x – prey, y- predator is given by ODS 
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It combines “linear” (Malthusian) growth (for prey) ax, with “mass-action” type xypredation and 

proliferation (for predator). 

Rescaling  
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It simplifies (1) and reduces the number of parameters 
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Equilibria and stability  

It has 2 equilibria with the following stability types: 

Table 1 
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Cycles (periodic solutions).  

Any non-equilibrium initial state gives a cycle (Figure 1). To show cycles, we use conserved 

integral 
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whose level contours ( ),I x y const= are trajectories of Figure 1 

 

Figure 1 : Volterra-Lotka phase-plane and cycles 

Note that periods increase as one moves further from the coexistence, and amplitudes grow 

larger at peaks and smaller at troughs. But the mean values over the period for any orbit remains 

fixed, 
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This is shown by period-averaging of separated DE: 
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Problem 1 

Study the effect of harvest/source on V-L system (2) both for prey and predator 

a) Prey: show source 0h>  destabilizes system, and harvest 0h< - stabilizes 

b) Predator: show opposite 0h>  - stabilizes,  0h<  - destabilizes 
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Do equilibria stability analysis, find bifurcation values h, show phase-plane, null clines and selected 

solutions in both cases 

c) Use Dulac test (problem 2.4) to show that in “unstable” cases (either predator or prey), there 

are no limit cycles. Explain the behavior of solutions at large t. 

Conclusions 

Problem 1 gives a simple illustration of an important principle in population biology: predator (or top 

predators in a food-web) plays stabilizing role in maintaining eco-system. 

Rozensweig- MacArthur model 

Here we want to account for different predatory behavior, and resource-limited (e.g. logistic) 

prey growth. The result is a modified V-L  with nonlinear functional predation pattern ()xf   
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Here e is proliferation rate due to predation, r,N – standard logistic parameters, b - predator mortality. 

To derive ()xf  Rozensweig & MacArthur use “searching-handling” behavior, each one taking 

certain time, and get 
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s- searching efficiency, h – handling time/prey. 

Standard rescaling: /x x N X­ = , 
s

y y Y
r

­ = , coverts (3) into non-dimensional form 
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with 3 parameters 
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Analysis 
System (5) has 3 equilibria with Jacobians  

 

Note the coexistence #3 lies in he physical domain * *, 0x y > ,  iff 1;  and 
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Figure 2 : Phase-plane of system (5) in case 
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Typical bifurcation diagram for a=1, b=2,  

 

Typical limit cycle case ( 0 1/ 3c< < ) shown in Figure 3. 
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Figure 3 : Phase-plane with 2 orbits (top), and their time series (bottom): x(t) – solid, y(t) –dashed. 

Parameters a=1;b=2;c=.2. 

For more details see Mathematica nb. 
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http://www.cwru.edu/artsci/math/gurarie/classes/449/Lectures/ch2/Predation.nb

