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The basic pde models appear either as balance equa-
tions (conservation laws) or as variational principles (min-
ima/maxima of certain functionals). The latter includes
large classes of geometric problems (minimal length, min-
imal area etc.), the problems in statics (minimal poten-
tial energy), and the foremost - the basic dynamic laws
of motion (Newtonian mechanics in the Hamiltonian for-
mulation). Here we shall introduce and review a few such
examples.

Conservation (balance) laws

Traffic flow

One can approximately represent large (unidirectional)
traffic flow along a stretch of highway by two continuous
functions:

e p=p(x,t) - cars density per unit length
e ¢ =c(x,t) - velocity density

Both are functions of space xz and time ¢t. We take a
stretch of highway between two points x; < xs and con-
sider the total number of cars over the range [z1,z2],

x2
N:/p(z,t)dx

z1

It changes in time as cars come in and get put of [z1, 25]
through the end-point. So the rate of change of N (¢) is
determined by the flux density cp at {z1,x2}

N 7
A / Oup (,1) da = cpl (1)

1

= —c(xa,t) p(w2,t) + c(x1,t) p(w1,1)

~
outgoing

incoming

We write the boundary “flux terms” as integral over
[1,x2] and the (1) - the conservation (balance) of “cars”
as the integral relation

7&/} (x,t)de = — 72(% (cp) dx (2)

From the integral form one could easily pass to a differ-
ential form: since (2) holds for all {z1, 25} the integrands
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Figure 1:

are equal. Thus we get the conservation law in the form
of first order pde for unknown function p (z,t)

pi+ (cp), =0 (3)

This form is typical of many other physical models,
like fluid flows discussed below. Equation (3) however is
not a well posed problem as it contains yet another unde-
termined quantity ¢ (one equation with 2 unknown func-
tions!). So one needs another equation relating p and c.
Several choices are possible.

Constant speed ¢: Such (highly idealized) traffic
flow is reduced to a simple linear 1D wave equation

pt + sz = 0 (4)

Any solution of (4) on the real line R is d’Alembert trav-
eling wave p = py (z — ct), so the initial car distribution
density p, () will propagate to the right at a constant
(legal) speed ¢ without changing shape.

Variable speed: Of course, the real life cars would
never go at the same speed. They will slow down before
turns, highway exits etc., stop before the light (or speed
up to cross it). The average car speed would thus be deter-
mined by many factors. Their cumulative effect however
could be approximately related to the car density itself.
The traffic tends to slow down as the car density increases
and speed up at low densities (the traffic regulations re-
quire to maintain a safety distance of one car body per
each 10 mi/hr of speed). That puts some natural con-
straints and on p, c. One of them 0 < p < 1 - the car don’t
pile up. Also one can assume ¢ to be a function of density
¢ = ¢(p), whose typical profile should look like the plot
below (fig. 1) Now (3) turns into a nonlinear first order
pde for p solved by the method of characteristics.



Heat-diffusion models

The propagation of heat or diffusing particles in a medium
is also governed by certain conservation principles. We
denote by ¢ (z ,t) -the density of heat (internal energy) per
unit volume and by 6 (x ,t) - the temperature distribution
at space-time point « ,t. Here we allow  to vary in space
of any dimension (e.g. 1D rod, 2D plate or 3D solid). The
basic principles here involve

e A suitable relation between ¢ and 6. Typically one
assumes g = ¢ () - function of temperature. A special
case would be linear function ¢ = « (6 — ), where
coefficient o measures the heat capacity (specific heat)

of the medium.@

e The Fourier-Newton law of cooling.

The Fourier law states that the heat flows from the
hot to cold parts at a rate proportional to the temperature-
gradient VO = (010, 950, ...). So we introduce the heat-flux
field ® = VO = (¢y, P, -..), whose coeflicient (tensor)
measures the heat conductivity of the medium. Scalar §
corresponds to the isotropic medium, whereas anisotropy
results a matrix (tensor) array of coefficients § = (ﬁij),

so the i-th component of flux ¢, = Z?Zl B;;0;6. More
generally, the flux field could depend nonlinearly on 6 or
V.

Next we pick a finite (small) volume V of the body
bounded by surface ¥ and consider the total amount of

heat inside V'
o= [[[ste0ate
7

and balance its rate of change by the heat-flux across X,
according to the Fourier law

@:///aé)t:fjé<I>-NdS+F:fjéﬂan9d5+F
dt » b3}
1%

(5)
where F represent external sources of heat. Here IV denote
the external normal on ¥, 9,0 = V6@-N - normal derivative
and dS the surface area element. The form of conservation
law (5) is similar to (1) where @ plays the role of N and
surface X - the role of two boundary points' {z1;x2}. As
in (2) we transform surface integral in (5) to the volume
integral by the divergence Theorem

—7§E<I>~NdS:/V/ V.o

ndeed, in the 1D case V becomes an interval [z1; z2], boundary
¥ consists of two points {z1;z2}, flux ® = Bu, and (5) becomes

T2
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The resulting integral form of the conservation law

/V//aatz/v//(vqu)

(assuming external sources are continuously distributed
over V') we pass to the differential heat equation

aby—V-BVh=F (6)

This equation is second order in & and first order in ¢, such
beasts are called parabolic. It could be linear if «, 3 are
independent of 0, but more complicated nonlinear mod-
els arise if any of 2 coefficients «, 3 depends on 6. In
the simplest linear case with constant a, 5 (homogeneous,
isotropic medium) (6) is reduced to

3
@
with Laplacian A = Y~ 92. It can be solved exactly by the
expansion methods (Fourier, Laplace etc.) or the Green’s
function techniques.

The diffusion model can be derived in a similar man-
ner?. Here 6 denotes the density of the diffusing substance
(tracer), and its flux is assumed to be proportional to its
gradient ® = V6 (the Fick law of diffusion). In both
cases (heat or diffusion) equation (6) could be augmented
by an advective term U - V6, where U represents an ex-
ternal velocity field (like in a fluid flow), that transports
the diffusing density or temperature along the flow. The
combined advection-diffusion becomes

aly—U-VO—V-5VO=F (7)

0, ——A0=F

Initial-boundary conditions

The differential equation (6) or (7) is typically consider in
space R™, or some region D C R"™, bounded by surface
I" and must be supplemented by the initial data (initial
temperature or density distribution),

Oli—o = bo ()
and suitable boundary constraints, e.g.

0] = ... prsecribed temp. (density) distribution on I’
Onblp = .- prsecribed temp. (density) flux across I'

For instance, 6| = 0 requires to maintain zero (or fixed)
temperature on the boundary (a “cooler” or the “heat
bath”), while 0,0| = 0 means zero flux across I, in-
sulated body.

Fluid dynamics

The Eulerian description of a fluid/gas state is given by
the basic fields of mass density p (z,t), velocity u (z,t) and
(if needed) other quantities, like internal energy, tempera-
ture etc. The basic principles that determine the evolution
of the fluid system are conservation of mass, momentum,
energy.

2although more accurate procedure usually involves stochastic
(random) modeling of the diffusing particles
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Figure 2: A flow passed a small volume D, bounded by
surface I’

Precisely, we balance the change of mass, momentum
and energy densities: p, pu;, e = p (%2 + 5) -sum of ki-

netic and internal (potential) energies, in a small volume
D with their fluxes pil, pu;ii, pe across boundary T' (fig.

7?)
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where p is the (surface) pressure force, F' -body forces
(gravity, Coriolis, viscous dissipation etc.). Those yield
via Gauss’s theorem
Op + V- (pi)
O (pwi) + V- (pust) =

0 - continuity (8)
—0;p + pF - momentum

Oe+ V- (etl) = —=V-(pi)+ pF - -energy
The second equation is transformed into its standard form
Ot + (- V)i = —%+F (9)
while the third one yields the internal energy evolution
D& = fgv i (10)
Here Dy = 0; + @ - V is the complete derivative along the
flow.

The entire system (8)-(9)-(10) must be supplemented
by the (thermodynamic) equation of state p = f(p,&).
In the simplest case of isentropic gas p = f(p) = Cp” -
depends only on p, so the first two equations (8)-(9) form
a closed system

Ohp+ V- (pii) =
Oyt + (- V) i = MJF

and the internal energy is driven by the density and volume
change (10).

Shallow water equation

Another example is the shallow water equations. Here the
role of density is played by the height function: h (z,t), the
pressure amounts to gravitational weight of the column:
p =

we get

he +V - (hil)

, and the flow # is effectively horizontal (2D). So

0 - volume conservation

gVh
—T - momentum conservation

Qi+ (- V)i =

Remark 1 The general form of the conservation/balance
law is often stated in terms of the density q(z,t), (e.g.
traffic-density, mass-density etc.) and its flux (or cur-
rent), J = J (x,t,q)

@+V-J=0

In the above examples: q = p;J = cp (traffic); q =
a(0) -heat/tracer density, J = —pVEO (heat-diffusion
problem). More generally, the heat-diffusion flur could
combine the transport and diffusive terms: J = U6 —
BVO (7). The hydrodynamic system (8) in the ab-
sence of external/dissipation forces is also a conservation
law, whose state variable ¢ = (p,m,e)with m = pu -
momentum field. In 1D case the current density J =

(m,mT2 +p, 5 (e +p)) , and we get

p m
o | m | +0, m—+ =0
e % e+p)

where p = f (p,e — %)
tion of 8 variables. In the 2D case we have two components
of the momentum: m = pu, n = pv, and the conservation

law becomes

- a giwen (thermodynamic) func-

0 m n
m m_2+p mn .

o, | 0 P% +0 | & pﬂ) =0
€ 2 (e+p) (e +p)

Variational principles

Variational principles play important role in many prob-
lems of geometry, mechanics (finite-degree of freedom and
continuum, classical and quantum) and physics in general.
We shall give a few examples.

Geometric problems

Minimal length curves: One of classical geometric
problems requires to find a path of minimal length on a
given (graph) surface

Yiz=f(z,y)

between two points A = (¢, yo, 20) and B = (x1,y1,21)-
The path of minimal length are called geodesics.



To set up the problem we take all parameterized path
between A and B: r(t) = (z (t),y(t),2(t)),0< ¢t < 1in
Y and minimize the length functional

E[r]:/dS:/ B4 g2+ (fod 4 f0)%dt (11
0

subject to boundary constraints: r(0) = A;r(l) = B.
Problem (11) represent a typical variational problem, its
integrand called the Lagrangian density L (r,T,t), so one
asks to minimize

t1

] = / L(r,¢)dt (12)

to

over a suitable class of curves {r (¢)} (scalar or vector func-
tions).

Solution of (12) is given by the so called FEuler-
Lagrange equation®, written in terms of variational deriva-

tive 6L 0L d (0L

Eﬁ%(%)o (13)
- a second order ODE or ODS (ordinary differential sys-
tem).

Specific example of the paraboloidal surface z =
% (332 + yz) gives Lagrangian

L=+/(1+22)22+ (1 +y2) 92 + 2zyay
and the EL-system

SL _ d(zityy) a4 [ #(1+a?)tayd | _ 0
= - - =

SL oz i
or ) sn _ gwityy) 4 90y )+eyi | _ 0
Sy — L @t T =

Minimal area surface

We consider a graph-surface z = u (x,y) over a planar re-
gion D bounded by curve I' , prescribe certain values to
function w on the boundary u|. = f and ask for surface
(function) u that would minimize the surface area, func-

tional
Alu] = /D/dS = /D/ 1+ (Vu)’dady (14)

A physical model would be a soap film attached to a car-
cass (boundary condition).

This time the ‘undetermined parameter’ is a two-
variable function w (z,y), the functional being given by
the Lagrangian

L(u,Vu,...) = L(u,ug, uy,...)

3Derivative % plays the role of gradient V in the multivariable

calculus and condition (13) is the variational analogue of Vf (x) = 0
for critical (max/min/..) points on n-variable function f (x).

The EL-equation takes the form of a 2-nd order pde

6L OL oL oL oL oL
T TR Y (o e i (%) —% (%) =0

-typically highly nonlinear?. In particular, the minimal

area equation for (14) becomes

vl ) = oo )
1+ (Vau)? 1+ u2 4 u?
+8y L = 0

\/1+u2 +u?

For small Vu (gently slopping surfaces) the area functional
is approximated by the quadratic expression

1+ (Vu)’ ~ 1+ 3 (Vu)?
hence E-L (15) is simplified to a linear Laplace’s equation

AU = Uy + Uyy =0

Hamilton’s principle of classical mechanics:
oscillations and waves

So far we produced differential equation models based on
simple balance (conservation) laws . A large number of
physical systems however, obeys the dynamic Newton’s
law of motion that involve the balance of forces and higher
derivatives (acceleration). The dynamic equations for such
systems result from two forms of energy: the kinetic one K
and potential P. We assume that the state of system is de-
scribed by a set of “generalized coordinates” {u;} and the
corresponding velocities {1;}. Typically the kinetic energy
depends on velocities K = K (4, ...) (it could also involve
{u;}), while the potential one depends on coordinates only
P = P (u) . The generalized momenta are derivatives

0K
P,
while generalized (potential) forces f; = fg,—i, and the
Newton’s law reads
dpi d (0K opP
Z=fior——)—-=—=... 1
dt ft or dt <8’U,2 8UZ ( 6)

The r.h.s. is either 0 (pure potential case) or contains other
non-potential forces {F;}, like external driving, friction,
etc. For systems of finite number n of degree of freedom
(16) becomes a second order ordinary differential system
in n variables®. We shall first illustrate (16) with a simple
mechanical model of oscillator.

4The only case when E-L gives a linear equation/system is when
the Lagrangian is quadratic in w and its derivatives.

5Tt represents a special case of so called Euler-Lagrange equation
for the action functional (Lagrangian) L = K — P, and could be
derived from the variational Hamilton’s principle of minimal action.



T4 sz T3 T4
2|/\/\/\/\/\/\/\ /\/\/\/\/\
ANV VNV NNV VY \/\/\/|2
Figure 3:
Oscillator

Oscillator is a mass-spring system that obeys the Hook’s
law (fig. 3)

The i-th coordinate here represents the displacement
of the i-th mass. The Newton’s equations of motion are

where V; ;41 = V (ui+1 — u;) denotes the interaction po-
tential between the i-th and 7 + 1 nodes. In the simplest
(Hook’s) case potentials are quadratic functions of relative
displacements V; ;11 = % (wir1 — ui)2 with spring constant
k. Hence forces (gradients of potentials) depend linearly
on u;+1 — u;. In addition to potential forces (derivatives
of V; i41) the r.h.s. could include other (external) forces.
The kinetic and potential energies here are

P (ug,...up) ZVi (i1 — u;)

In the linear case P = %ZZ Ki (Wiy1 — ui)z, with spring
constants {r;}, so both K and P are quadratic in {u;u}.
One readily verifies the “Lagrangian” form (16) of equa-
tions (17).

Vibrating string.

The stretched string is characterized by its tension T -
force per cross-sectional area. As the latter is negligibly
small, we can think of T" as force directed along the string
at each point z. We call the length of the string ¢ and
its density (at point x) p(z). Any vertical displacement
u(x) would increases the tension. So the latter could be
viewed as a potential force with potential energy density
P =Tds or T (ds — dx), i.e. proportional to the change in
the arc-length ds = /u2 + 1dz due to the displacement.
Introducing state variables {u (x);u: ()} (positions and
velocities) we write the kinetic and potential energies of
the string as

N =

¢
/,oufdx (19)
0

14

P = /T(W—l)dx

There is an analogy between the continuous system (19)
and the oscillator (18). Indeed, the former could approxi-
mated by certain discrete oscillator models where horizon-
tal displacements are replaced by the vertical ones along
vertical rods.

We shall give two derivations of the equation of mo-
tion, based on the Newtonian balance of forces and the
Euler-Lagrange formalism.

Newtonian forces.

We take a small portion of the string [xg;z1] inside [0, ¢]
and write the tension force vector as 7" x “unit tangent”
along the string (fig. 4)

Ax Au
J@w? + a0 J(aw? + (a2

B T Tug
A\t 1+ a2

Only the vertical component will enter the dynamics by
the Newton’s ma = F' law which now becomes
T3

T = T

z1

/ Tuy
puU = —F/—=
tt 1 + u% y

Zo

The boundary forces could be brought to the integral over
[0; x1] via the fundamental theorem of calculus
Tug

" / 5 ( Tu, )
/ 2 [ ox\ ./ 2
1+ uz w5 T 1+uz
As the integral relation holds for all subintervals [zo;x1]
we end up with a partial differential equation for u (x, t)

— i Tug
PULt Oz

V14 u?

> = 0 or external force F'  (20)

Euler-Lagrange formulation

Here we shall use the kinetic and potential energies (19)
and follow the finite-D oscillator procedure (16). The
position-velocity (state) variables {u;u;} are labeled by
the continuous parameter x € [0, ], and the role of stan-
dard partial derivatives OTK (generalized momenta) and
aP (potential forces) will be played by variational deriva-
twes

0K 0K 0K

R TR T 21
oP oP 0

ou, - Su =P =0, ((’MIP)

_oF 0 (_Tu
 Ou Oz V1+u2



Figure 4:

The result is the same second order nonlinear pde (20) for
u(x;t).

Let us remark that for the “gently sloping” deforma-
tions (Ju,| < 1) equation (20) can linearized by dropping
v/u2 + 1 in the denominator, equivalently approximating
the arc-length differential in the potential energy form (19)
by the quadratic term

1
\/u%—&—l—lzaui

Clearly, quadratic energy-forms make the Newton’s equa-
tions of motion linear. Hence (20) becomes a linear equa-
tion

pugt — (Tug), =0 (22)

Other external forces could added to (20) or (22), e.g
friction F' = auy, gravity F = gu, driving force F (z,t)
etc.

Vibrating membrane.

The derivation is similar to the 1D string case. The space
variable £ = (z,y) now varies over the plane region D (the
shape of the membrane). If u (x ;t)denotes as above the
vertical displacement, the kinetic and potential energies
take the form

k= [lu2ee (23)
[
P = /{T(\/VuQJrlfl)JrF(u)}dzm

D

So the change in the surface area due to deformation
T (VI +1-1)do =ds - d*

is the main contributing factor to potential energy. Here
T is the membrane tension, assumed for simplicity to be
scalar (isotropic case).

In the Newtonian derivation we take a small patch of
the membrane surface U bounded by curve I', and consider
the tension force distributed along the boundary (fig.5 ).

The effect of vertical tension force at a point I' in the
normal direction N is found similar to the string case

\/1+ Vu)? V14 (Vu)®

So the resulting balance of forces over patch U gives

/U/putt = ]€N . Tﬁdtﬂ (24)

Applying the divergence theorem to the r.h.s.

7{N TVu/\/VTds—//V (%)

——=N"T

of (24) both sides are brought to the area integral over U,
hence results the pde for u

T
pugyg — V- | ——=Vu | = .. (25)

\JuR+ug+1

The Lagrangian derivation repeats the above (string)
argument verbatim. We write momentum variables

0K
— = puy
t

and the potential forces for P of (23)
3 —
8,P —V - (mp) = F,—

(T‘/u2iu2.+1> - 8y <T‘/u2i.u2.+1>
T Y x Y

The result is the same equation (25) - nonlinear pde for u,
or its linearized version

Y (26)

puy — V- (TVu) = F,

In general p and T are functions of & and T is either
scalar (isotropic medium) or matrix (tensor) to account for
possible anisotropy. In the simplest homogeneous isotropic
case (p = Const; T = Const) we get

upp — AU = ...

in terms of the Laplacian A. Here ¢ = , /% measures the
speed of wave propagation.

Initial-boundary conditions

In all examples above the differential equation holds in a
space-time region {& € D,t > 0} and must be augmented
with suitable initial-boundary conditions. Since the equa-
tions are second order in space and time (and classified
as hyperbolic) the initial value problem requires the com-
plete initial state, that is initial position u|,_, = u (x,0) =
ug (x) and initial velocities wu¢|,_, = us (x,0) = uq ().

The boundary conditions usually come in 3 types. We
shall describe them specifically in each case



Figure 5:

String Here the range of x is [0, ¢] and 3 types of bound-
ary conditions become

e Dirichlet: u|,_, = u(0,t) = ..;ul,_,
u (€, t) = .... So the ends of the string are fixed
e Neumann: ug|,_o = ...; Ug|,_, = ... Here we fix

the slopes, rather than positions of the ends

e Mixed (Robin) combines the values and the
derivatives at the ends:

(a0t + otz g = 5 (@18 + brttg) [,y = -

In other words we maintain certain ratio of val-
ues to slopes at the ends.

Membrane Here the range on x is plane region D
bounded by curve I" and three types of boundary con-
ditions take the form

e Dirichlet: w|. = ... (prescribed values on the

boundary )

e Neumann: Opul,_, = ... (prescribed normal
derivative on the boundary )

e Mixed (Robin): (au+b0pu)|,_q = ... (pre-
scribed combination of values and normal deriva-
tives).

Elastic rod

We shall consider an elastic rod in 3D, described by a
vector function u (x) measuring its displacement from
the equilibrium, so the state (phase) space consists of
the position-velocity configurations {u ,w +} as above for
string. The potential energy of elastic rod however is more
complicated. It involves besides stretching (change in the
arc-length) the bending and twisting moments of the rod
that take into account its thickness

P = ax?® + br?

The first term is proportional to the curvature squared
(bending) and torsion squared (twisting, for 3-D motions)

|lu’ x u”|
v - ] (21)
U s XUgs U ggs [u /au/lyu///]
= 2 - ’ 12
K lu’ xu”|

Here ’ denotes the derivative in x, while subscript u
indicates differentiation with respect to the arc-length
ds = |u’(x)|dz. So the complete Lagrangian (kinetic
+ potential) becomes

L[u]:%//{pu?—cmz(u)—sz(u)}dmdt

and the Euler-Lagrange equations® are

opP ,( OP . P\
o) v () % (o) =
(

28)
where F' represents the external/boundary forces acting
upon the rod. It is convenient to take x = s -the arc-
length, then pde (28) is considered on the fixed range [0, L]
and suitable boundary conditions are imposed at two end-
points « = 0; L.The resulting equations look fairly compli-
cated: nonlinear 4-th or 6-th order pde system.

In the planar case (28) is somewhat simplified, as twist
disappears, while curvature (27) of the graph v = u (z),
assumes the form

"2
2 U

(14 u2)?

That turns (28) into a 4-th order scalar pde

2
Ug Uz g
—= | —2a
5/2
(1 +u2)® ]

u"E"E

(1—&-1&)3/2],, “oort

pug + 3a

whose linearized form of (29)
PUt — 20Ugppy = ...

Equations (28)-(29) could be further simplified (re-
duced to a 2-nd order equation) by a clever change of vari-
able, namely replacing function u by angle 6 between unit
tangent and the = - axis, and using arclength ds in place
of dx (fig. 6 ). As curvature Kk = % we get quadratic
potential energy P = a (%)2. The length constaint is also
easy to accomodate here, as coordinate functions are given
by integrals of the unit tanget T' = (cos 8, sin §)

S S

x:/cosﬁds;u:/sineds

0 0

6In general, higher order Lagrangians L (u,us,Uzsz,...) have
their first variation (E-L) equal to % = 9,L — & ( 8L) +

dx \ Ouy
d? oL\ _
dzZ \ Qugs
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Figure 6:

L
Hence the constrained Lagrangian £[0] = [ af"* — \sin 6,

0
with multiplier A. Hence Euler-Lagrange equation turns
into a second order nonlinear ODE

Oss +Asinfd =0,on0<s<L (30)

equation (30) is supplemented with Neumann boundary
conditions: 0'|s—g = 0.

It has conserved integral: e = %9/2 — Acosf, with
constant of integration e = —Acosfy (due to boundary
conditions). Conserved integral yields an expression of 6

in terms of the elliptic integral :

0

of modulus m = /\2)‘ = —2 __ Hence we get solution 6

+e 1—cos 0o .
expressed through the Jacobi amplitude
A
9:2am< Jre(s—so) m)
‘We show solutions 6 for several initial values: cosfy =
d1+9
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