Stationary and moving (rotating)
boundary heat source

D. Gurarie

A 2D or 3D body has a steady or rotating heat-source (e.g. sun-lit planet)

The temperature U (X,t) obeys the heat diffusion problem (BVP)

u, = KAu;

B[u]‘r =f; @)

with f =f (X)-stationary, or f (X,t)— periodic in t (rotating). The BC is Dirichlet (prescribed b-dary

temperature distribution), or Neumann (heat-flux).

Solution method

1) Convert boundary source into continuous one by subtracting harmonic function w
{AW: 0
=
Bw] = f @)
w(x,t)= ]}P(x,g) f (£,t)dS (&) -Poisson

2) Solve IVP for difference V(X,t) =u (X,t)—W(X,t)

v, = KAv, or KAv —w,

B[v]=0;v(x,t) = -w(x,0) @3)

We use eigendata {ﬂk;://k(x)} F2NJ W[ I LX | e@énfunttiorbexphnéon | Y R



WZZk:\EWk(X)

Coefficients {Wk} - constant (for stationary source) or time-dependent (periodic) {Wk (t)} . Then

solution

Zk:(l_ e )\El//k (x); stationary

. Aty Ak B
w Zk:(%« &%\%ﬁ)y/k(x), time dependent

time convolution

u(x,t)=w+v=

The latter (time dependent) is equal to

u(x,t) =>4 (e *\& )y, (X);

k

using convolution identity €% h, = h(t)—ﬂue_’1t *h, for any A and function h(t).

In particular for periodic (trig) source of frequency @, \E (t) =W, cos(a)t), series (5) gives

u(x,t)=> Acos(at—¢ . (x)+ D Be "y, (X)
%(OO(&COCCC W&

periodic responce decaying 'source-free' solution
. y W, . AW,
with coefficients A = ——=—— " response amplitudes, B, = — -
JA +o A"t

Examples

1D

Stationary or periodic boundary source on [0,a]: U (a,t) = b(t) (constant or b, coswt ). Here
w(x)=b(t)x/a

2
Dirichlet Eigenmodes: {ﬂk =K [”—kj Wy = Sin(ﬂ—kxj}, and solution (4)-(5)-(6) is sin-Fourier
a a
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expansionof WK I NI 2 y A ®/abrdp/aDwith deffients: W, = —Z( If diffusivity is $AstQ
Vs

relative to frequency, K 2 a’w@, then Periodic partQ= W= b(t) x/a.

(6)



2D disk

Use boundary source:

=0

1 2 sinmé
In polar coordinates: f (6)= PR Z . The harmonic function with BV f (&) is given by
T modd M

2 r" sinmé@
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w(r,@)==+=

7 m-odd m
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To get solution U (I’, H,t) we need all Bessel eigenmodes of odd wave-numbers m,

{y/mk() 3, (2l 12)i —(%)} )

{Z, } -roots of J, (2)=0. We expand

f(0)=1+E Z " sinmo

2 7 modg M
%: > bJe(zr); - zero order;
[
m

b, (I I, (Zr) rdr)/(anJm(zmkr)zrdr)

= 0y (ZyT); - m-th order;

In stationary case we get



u(r,0,t)= Z{Z(l—e‘&"k‘ i, (...)}sin méd — w(r,6)

m k

Rotating disk (periodic source)
For moving irradiating source we surface flux on solid disk

IR A
.
sl

0
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2z
we get Neumann BC: O,U|,_,= f (0) , Which requires Io fdd=0.So we take f ==1. It has similar

Fourier expansion (with somewhat different coefficients)

1‘(0)=i > Sinrzmgzw(r,é’):i > r—zsinme

Tmodd M 7 modd M
For rotating source the harmonic correction becomes

m

W(r,e—a)t)zi > r—zsin m(6-aot)

7 modd M

And the above method gives exact solution as Fourier-Bessel expansion:
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Here the Fourier-Bessel coefficients of eigenmodes have form (7), but this time {ka} - denote roots of

the derivative: 3, (2) =3[ 3,.4(2) ~ I (2)]=0.

Once again for high diffusivity and Heriodic sourceQu (r, 49,'[) ~ W(I’, (9—a)t) - Wrationary harmonic

equilibriumQragged by rotation.

3D sphere

For 3D solid sphere radiated from the top (North pole) the boundary source we consider 2

cases: Dirichlet U |,_,= f (Z), and Neumann 0,U|,_,=0 (Z)

L z>0 z, 7z>0
f: ;g: "
{Q z2<0 {

0, z<0




To find Harmonic equilibriumCwe expand f in ¥bnal harmonics{Legendre polynomials)

(2)=5+2R(2)- R (2)+ R (2)-
9(2)=3+2R(2)+ SR (2)- R (2)-

The corresponding solutions:

u(r,z):%+%a(z)r—éPa(z)r%EPs(z)rE‘—...
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Figure 1: f and g plots



