
Stationary and moving (rotating) 
boundary heat source 

D. Gurarie 

A 2D or 3D body has a steady or rotating heat-source (e.g. sun-lit planet) 

 

The temperature  ,u x t  obeys the heat diffusion problem (BVP) 
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with  f f x -stationary, or  ,f x t - periodic in t (rotating). The BC is Dirichlet (prescribed b-dary 

temperature distribution), or Neumann (heat-flux). 

Solution method 
1) Convert boundary source into continuous one by subtracting harmonic function w 
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2) Solve IVP for difference      , , ,v x t u x t w x t    
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We use eigendata   ;k k x    ŦƻǊ Ψ[ŀǇƭŀŎƛŀƴ Ҍ./Ω ŀƴŘ  eigenfunction expansion 
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Coefficients  kw - constant (for stationary source) or time-dependent (periodic)   kw t . Then 
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The latter (time dependent) is equal to 
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using convolution identity  t t

te h h t e h      , for any  and function  h t .  

In particular for periodic (trig) source of frequency  ,    Ĕ cosk kw t w t , series (5) gives 
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with coefficients 
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Examples 

1D  

Stationary or periodic boundary source on [0,a]:    ,u a t b t  (constant or 0 cosb t ). Here 

     /w x b t x a  

Dirichlet Eigenmodes: 
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, and solution (4)-(5)-(6) is sin-Fourier 

expansion of ΨƘŀǊƳƻƴƛŎ ŦǳƴŎǘƛƻƴΩ/x a on [0,a], with coefficients: 
 

1
1

k

kw
k




 . If diffusivity is ΨfastΩ 

relative to frequency, 2K a 2 , then Ψperiodic partΩ   /w b t x a  . 



2D disk 
Use boundary source: 

 

In polar coordinates:  
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To get solution  , ,u r t  we need all Bessel eigenmodes of odd wave-numbers m, 
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 mkz - roots of   0mJ z  . We expand 
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In stationary case we get 
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Rotating disk (periodic source) 
For moving irradiating source we surface flux on solid disk 

 

we get Neumann BC:  |r r au f   , which requires 
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Fourier expansion (with somewhat different coefficients) 
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For rotating source the harmonic correction becomes 
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And the above method gives exact solution as Fourier-Bessel expansion: 



 

Here the Fourier-Bessel coefficients of eigenmodes have form (7), but this time  mkz - denote roots of 

the derivative:      1 1
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Once again for high diffusivity and Ψperiodic sourceΩ     , , ,u r t w r t     - Ψstationary harmonic 

equilibriumΩ dragged by rotation. 

3D sphere 
For 3D solid sphere radiated from the top (North pole) the boundary source we consider 2 

cases: Dirichlet  1|ru f z  , and Neumann  1|r ru g z   
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To find Ψharmonic equilibriumΩ we expand f in Ψzonal harmonicsΩ (Legendre polynomials) 
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The corresponding solutions: 
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Figure 1: f and g plots 
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