Differential equations; Green functions and

Fourier analysis
Math. 448: Supplement

David Gurarie

Basic models of linear differential equations can be written in terms of an
elliptic differential operator L = —V - pV 4 ¢ on R" or region 2 C R", whose
leading coefficients p = (p;;) form a positive symmetric metric tensor (or positive
scalar), and potential ¢ - real. Differential operator L is usually supplemented
by suitable boundary conditions. Those could be regular Dirichlet, Neumann, or
more general mixed-type boundary condition given by a differential expression
B = a+ (0, on smooth boundary I' of 2. In some cases the boundary condition
could be singular (vanishing coefficients, “sources”), or the boundary itself is
degenerate, e.g. isolated “boundary” points, curves, low-D surfaces, {oo} etc.

1. Three basic pde types and their formal solutions.

There are three basic types of differential equations that appear in various appli-
cations.

1. Parabolic (heat-diffusion)

u + L[u] = F(x,t)
Blullp =0 (1.1)

u|t:0 = Uo
in a space-time cylinder Q x [0; 00).
2. Hyperbolic (Wave):

u + L u] = F (x,t)
Blullp = b (1.2)

ul,_g = uo; U],y = W



3. Elliptic:

Llul=F
I =

)
Bl in (1.3)

(
b

or elliptic problems in cylindrical regions 2 x [0;00) ;€ x [0; 7]

uy — Lu] = F (x,t) uy — Lu] = F (x,t)
@ { Blull=b or (1) Blullp=b
ul,_o = uo; u|, = regular ul,_g = uo; ulp =ug (1.4)

Problems 1,2 and 3(a) are the initial-value ones, while 3(b) constitutes a
2-point boundary-value problem in variable ¢.
1.1. Formal solutions

Solutions of all three basic types can be written formally as “functions of L”.
Namely, for (1.1) the corresponding “function” is given by exponential of L

u=e"lug| + [T e I [F (;5)]ds (1.5)

sm( f) }

For hyperbolic problem (1.2) solution is expressed in terms of the pair {cos (t\/_ )

u = cos (t\/f) [uo] + Sin(tﬁf) ] + fy =2 M [F(;8)]ds (1.6)

Solutions of elliptic problems (1.3) are given either by the inverse of L
u=L""[F]

or in terms of exponential /hyperbolic trig. functions of L

u=e"Ly —I—fo F(.;s)]ds|on [0;00) (1.7)

sinh(T'—t)v/L[uo]+sinh tv/L{u t
— sinh(T—) Si[h;]f@ £V L{uo] + fo Kz (t;s) [F (;5)] ds|on [0;T]

(1.8)



where IC (t;s) is the Green’s function of the ODE (Sturm-Liouville) operator
9% —a® on [0; T
K, (t:5) = 1 sinhat sinha (T —s);t <s
3% sinh (aT) | sinhas sinha (T —t);t > s
The expansion and 4 (e.g. Fourier analysis) gives the meaning to “functions of
L7 like exp(tL), cos (tL) , etc. on R"and other domains. The latter are typically
given by integral kernels, K(z;y) or G(x,y;t,), etc. and represent the so called
fundamental solutions or Green’s functions of the corresponding problems.

2. Green’s functions

We denote integral kernels (possibly distributional) that represent Green’s func-
tions by K (z;y) - for elliptic operator L, by G (z,y;t,s) - for parabolic 0; —
and N (z,y;t, s)- for (sin-type) hyperbolic & + L. A Green’s function satisfies a
differential equation (or its adjoint) with the point (Dirac §) source in the r.h.s.,
and the appropriate homogeneous boundary condition. Specifically,

e For parabolic problem G = G (z,y;t — s) obeys the direct and adjoint
equations

O+ L) [G]=0(x—y)d(t—s) [ (=0s+Ly)[G]=0(x—y)d(t—s)
B, [gHF =0 B, [g” 0
g|t:0 =0 g|t 0

The latter could be simplified for the reduced Green’s kernel G (x,y;t)

direct ¢ B, [G]|p =0 adjoint |F—0
x;t
O Glig =0 —y) w0 g!to—5 r—=y)

Here integral kernel

Q:ua/g(x,y;...)u(y)dy

represents exponential of L, G = e/,



e For hyperbolic problem (1.2) the sin-type Green’s N' = Sinsjfﬁ) obeys

(O + Lo) N =0(z—y)d(t—s);t>0
B, NM]lp =0
Nz =0z =)

as well as the adjoint problem in(y; s)

e For elliptic problems (1.3) Green’s kernel K (z, &) obeys

{Lx[/C]=5($—y);

B, K]l = 0 and its adjoint in y

Subscripts x;y with operators L; B indicate variables of differentiation.

2.1. Poisson kernel

Solutions of problems (1.1)-(1.3) can be written in terms of the corresponding

Green’s functions. Precisely, u will typically contain two terms: the Green’s term

K [F], G|F] etc., representing contribution of “continuously distributed sources”

F, and the Poisson term P [b], representing the “boundary/initial sources”.
Thus for parabolic problem (1.1) it takes the form

u:/t/g(x,y;t—T) [F (;7)] dydr+

J/

. Green (21)
+ / f P (2,43t — 1) uo(y)dSdr + / G (2,3 t) wo(y)dy
(N [9]

Vv
Poisson



Similarly for the wave equation (1.2)

u:oft /N(x,y;t—T) [F(:57)] dy—l—]{P(:L‘,y;t—T)u[)(y)dS dr+

J/

G;e;n ~~ d
Poisson ( 9. 2)
+ [ iy ) walwddy + [ A o) )iy
Q Q B
Po;srson

In other words N (z,y;t) represents the sin (¢L)-operator, while its derivative
N, in 2-nd integral (2.2) corresponds to cos (tL).
The elliptic problem for L; B is solved by

u= [ KGo) Py + § P (@) blo)ds (2.3)
Q
i.e. K gives the inverse operator L~!, while solution of (1.4) has the same form as
(2.1) with K representing the exponential exp (tﬁ)

In all 3 cases the Poisson kernel P can be explicitly calculated in terms of the
Green’s kernel K and the boundary condition B

EIC(x,y;...) if B#0
X _ B )
P y;.) { —20,K (z,y;...) if a #0
Two special cases are the Dirichlet and Neumann Poisson kernels
P=—(0.K)(x,y;...) and P =K (z,y;..); 2 € sy €T

Solution formulae (2.1)-(2.3) including the Poisson term are derived by the

standard Green’s identity (integration by parts), applied to functions u(y) and
K(z,y)

(2.4)

/IC z,y) L dy—/Ly[K(m,y)}udy—i-]{p(@nlCu—K@nu)dS
T

The first integral in the r.h.s. gives u(z). Replacing function I, or 9, in the
I-integral by —g@nlC (if & # 0), or by —50.K (if B # 0), via the boundary condi-
tion, the I'-integrand assumes the form P(x,y) (au + Su,), which yields solution
formulae (2.1)-(2.3) with the Poisson kernel (2.4).
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3. Construction of Green’s functions.

Different methods can be used to construct Green’s functions in R™ and other
regions. The first one is based on the 3.1 and separation of variables to cer-
tain ODE problems, the second one employs expansion-transform methods (e.g.
Fourier analysis) and distribution theory. For bounded regions one can use the
eigenfunction expansion of the corresponding problem to write K as a “generalized
Fourier series” (the utility of such expansion depends largely on the knowledge of
the eigendata). Finally for special regions the “Method of Images” applies to ex-
press K in terms of the free space Green’s function of various “reflected sources”.
We shall outline all 4 methods.

3.1. Symmetry reduction.

Green’s functions are formally represented as functions “f(L)”, hence they inherit
naturally all basic symmetries of the original problem (operator L; B). That allows
to reduce the number of variables in /.

Thus symmetry (real or Hermitian) of operator L ~ (L; B) with respect to the
L?-inner product (u|v) = [, u( x) dz, namely

(L [u]|v) = (u| L[v]) for all functions u,v satisfying boundary condition B [ul|lp =0
implies symmetry (real/Hermitian) of the integral kernel K
K(z,y) = K (y,z) (or £* (y,x)- complex conjugate) for all z;y €

Time independence of L; B means that kernel K is convolution in ¢, K =
K(z,y;t —s).

Similarly, constant coefficients in z on R™ (i.e. space translational symme-
try of the problem) results in a translation-invariant (convolution) kernel I =
K(z—vy;...).

Yet larger symmetry groups appear for special operators L, like orthogonal
rotations SO (n) for the Laplacian A on R", or 7.1 SO (1;n) for the wave operator
(d’Alambertian) O = 97 — ¢*A (see Appendix 7.1). The corresponding Green’s
functions KC have the same symmetry, which allows to reduce I (z,€) to a single
variable function K (r) of the Euclidean radius: r = |z|, or hyperbolic (Minkowski)
radius: p? = (ct?) — |z|?



In both cases the resulting radial function K solves the reduced (Laplace,
d’Alambert) equation

n —

Ko + 1ICT +m?K =0 (3.1)

r

for operator L = A £ m? or O £ m?2. It also requires an appropriate boundary

condition at singular point {0} and {oco}.

3.2. Source condition.

In the case of Laplacian (Helmholtz-type operator) L = —pA + ¢ the boundary
condition at {0} represents the “point source”

1

bwn—1

()] = (3.2)

w,_1 = surface area of the unit sphere in R™. For derivation of the 7.2 see
Appendix 7.2.
Reduced equation (3.1) for ¢ = 0 takes the form

n—1

’CT'T +

K, =0 (3.3)

It has two solutions (regular and singular): 1;ln7 (2-D), and {1;727"} in n-D
(n > 3). General solution of (3.3) is a combination of two K = ¢; + cor*™ (or
Inr). Constant ¢; is eliminated via boundary condition at {oo}, while the source
condition (3.2) yields the proper normalization of ¢, , whence follows the familiar
Newton/Gauss potential, the Green’s function of the Laplacian,

—o=In|z —y|; for n =2
K= T .
n—2, for n Z 3
wn—1|z—y|
Similar treatment applies in the case ¢ # 0. Then equation (3.1) becomes
7.8.1 type (see Appendix 7.3)

-1
K"+ ==K+ m? = 0 with m? =
r p
It is easily reduced to the standard (1-st or 2-nd kind) Bessel equation
1 2
Y+ Y+ <1—”—)Y:0
r

r2
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of order v = ”T’2 by the change
K(r)=r""Y, (mr)

(Appendix 7.3). Thus solution of (3.1) with positive m? becomes a combination
of the first kind Bessel functions

K =r""{cid, (mr)+ cY, (mr)}, of order v = 2
The source condition at {0} would be provided by a nonvanishing coefficient cs.
One also need a suitable condition at {oco}, which could be chosen an “incoming”
or “outgoing” radiation condition

n—1
I~ 7“7(T> eimr (3.4)

The latter along with a proper normalization at {0} uniquely defines K in
terms of the MacDonald function HX = C (J, £1Y,), so

Clz—y|*™"; at small r

K=(A+m?)"'=crvH, ~ n-1y
( m) g (mr) { r_< 21)6*”’”; ar large r

Similarly, for operator A — m? the reduced equation (3.1) is changed into the

modified 7.4 ]
K" + P72k~ m2K = 0 with m? = 4
r p
whose solutions are [, ~ r\ 2 Je™ and IC, ~ r\ 2 Je=™". Clearly, we choose
the exponentially decaying Kelvin function K, , normalized to satisfy the source

condition at {0}. We list a few low-D cases

dim |

1 %efmr

2 Ky (mr)
s o

Unlike elliptic problems above it becomes more difficult to introduce the proper
source condition for hyperbolic equations, which is partly due to more complicated
geometry of the singular set: “light cone” p = 0 instead of a single point r = 0.
In the next section we shall develop the Fourier-transform methods for hyperbolic
problems.



3.3. Heat-diffusion and scaling symmetry.

Green’s function of the heat problem is easily found by the Fourier transform

Fiu(x) — ()

{Gt—AG:(), fort >0

— G 1) = et
G‘t:[) — (5 (5 )

whence follows

G (wit) = F! [e—ﬂﬂ = L elal*/at (3.5)

(4mt)™/?

the familiar Gaussian.

The same form (3.5) can be also derived by the symmetry reductions, as we
shall now demonstrate. The relevant coordinate transformations are nonisotropic
dilations in space-time

(;t) — (aaz;aQt) ca>0
If function w(z,t) solves the homogeneous heat equation, then obviously u* =
u (ax; @®t) does it. So the dilated Green’s G* = G (ax; o?t) solves the heat prob-
lem with the initial state
G* (2;0) = d(ax)=a"0(z) =
G (az;a’t) = o"G(z,t)

The latter allows one to reduce G to a single variable function Go(r), r = %,

so that
G(r,t)= +2QG (—T )
<7n ) 0 \/g

Substitution in the heat equation yields an ODE for Gq
G5+ (252 4+5) o+ §Co =0

The latter has general solution e~/ <01 +Cs [ prler?/ 2). Its second (poly-
0

nomial) term
,

€—r2/2/ (Tn—1€r2/2) “pn=2)/2 |
0
vanishes at oo, iff Co = 0. So G is found to be C’e*TQ/Q, with constant C' =

after proper normalization.

(271')"/2



4. Distributions and Fourier transform

4.1. Distributions

Distributions or generalized functions are defined as linear functionals on appro-
priate spaces of test functions S = {u(z)}. The latter are typically made of
continuous or smooth (differentiable) functions on R™ or domains {2, vanishing on
the boundary, point {oco}, or satisfying a suitable boundary condition B [u]| = 0.
A distribution f , a continuous linear functional on S, is determined by pairing
with all test functions

fouw— {flu)
All regular functions (or measures){f} become distributions when paired to
test-functions {u} via integration

(fluy = / f (2)u () da

For this reason pairing of distributions to functions is often denoted by the
integral sign, although [ f () u (z) dz may not strictly speaking make sense.
Natural examples of distributions include

e Dirac d-function d, = ¢ (z — a) and its derivatives:

<5a|u> =Uu (CL) ; <8m(5a’u> = (—8)mu (a)
(0%0q|u) = (—a)‘al u (a) for partial derivatives 0% = ol

- 1 an
T agn

here multi-index o = (v ...; ;) and its norm || = a3 + ... + .

e J-functions of curves and surfaces X

(Ox|u) = / udS - integral with respect to the natural surface area dS
>

e j-function of the level set ¥ = {z : ¢ (z) = ¢},

5(® (x) —¢) = m(sz - /EudS (4.1)

Many operations on test-functions: differentiation, convolution, multiplication,
change of variables, Fourier transform, etc., can be transferred to distributions via
pairing. We shall mention a few of them

10



1. Differentiation:by definition
(0;f|u) = — (f| Oju), for any testing u

and similarly for higher derivatives {0%f}. Indeed, for regular distributions
this is nothing but the standard integration by parts formula: [ 9; (f) udx =

_ffa ) dzx, for any pair {f;u}.

2. Change of variable formula: if y = ¢ (z), then

Here ¢' denotes the Jacobian matrix of map ¢, and |[...| its determinant.
Definition (4.2) is justified for regular distributions by the standard change
of variable in integration

oo utn= [ ot @) (oo ds

As an example we take an ordinary function ¢ (z) with zeroes at {x;z;...}
and f =0 (y). Then

uo ¢_1> , for all testing {u} (4.2)

1

a linear combination of ¢’s at zeroes {z;}. The latter extends to level surfaces
of multivariable functions ¢, where the sum over “zeros of ¢” becomes the
integral over the level surface {z : ¢ () = 0}. It justifies our definition of
the “level surface “ Dirac function (4.1).

3. Fourier transform F = F, ¢ : u — @ = [u(z) e *dz. By definition
(FAlu) = (fIF " [u])

which for regular functions is justified by the Fourier inversion/Plancherel
formula

/f ) (z dm—/f €) d¢, for any f;u

We give a few examples of distributions and their transforms:

11



Function/distr F-transform
J(z) 1
5 _ ia-&
(&~ a) . (4.3)
0°f (x) (252) f(©)
—Af(z) €17 f (©)
COS ax s(0(z—a)+d(z+a))
A few examples of surface d-functions dx; and their transforms 52
Surface © F-transform of Oy,
linear k -D subspace of R" (27‘(‘)”71{ Osy; 3 - subspace orthogonal to X
sphere {z: |z| =a} C, €™ Jnj2-1 (a |€])-Bessel
. . eI 4.4)
light-cone {z = cy/1? + 2} in R? | —2mvire (
s Y (ccrv/Ere)

The last example involves of ds, involves Heaviside function on the dual cone.
Finally, we mention the sum of d-functions over the lattice! I' ~ Z" in R",

O (x) = 6(x—m) V(;?;) > 5k (4.5)

mel keI

is Fourier transformed (by the Poisson summation formula) into the “j-function”

of the dual lattice IV times 1”over “volume of the fundamental parallelepiped €2
of T".

5. Solution of differential equations.

Now we shall apply the Fourier transform and distributions to construct Green’s
and Poisson kernels for three basic types of pde’s.

! Any lattice ' in R is made in integral multiples {ma : m = 0;4-1;4+2; ...} for a fixed length
a. Then its dual I" = {k2% : k = 0;+1;42; ...} has basic length a’ = 2%. So (4.5) could be

stated as . . .
.7:{ Z 5(wm)} Z eimg:%r Z 5(52;k>

m=—00 m=—00 k=—oc0

In R™ any lattice T' is obtained from a basis {vi;...;v,} by taking all integral linear combi-
nations {m = > m;v;;m; € Z -integers}. Its dual lattice I is then spanned by the dual basis
{vi; .5 vy} so that v; - v = 270;;- Kronrcker delta.

12



5.1. Elliptic equations

We shall start with elliptic operators: Laplacian and Helmholtz
—AK] =6 (-A+m?) K] =46

Fourier transforming both equations gives distribution

L, - Laplace
C(e) — €1*
IC (5) { w -Helmholtz

The first is radially symmetric and homogeneous of degree two, so its F-
transform is also radial and homogeneous of degree 2 — n. Thus we recover the
familiar Newton/Coulomb potential

IC:

IIW’ for n > 3 (case n = 2 is more subtle)
z

The “Bessel potential” for the Helmholtz equation is reduced via spherical
symmetry (4.4) to the form

L7 1
K (r) = / (mrp)™" J, (mrp) p"tdp with v =2 — 1

m)" ] p?+m? 2
0

The latter can easily evaluated for n = 1;3; (or any odd n) to get familiar

form .
4 ,—mr
C— { 5o C on R
2

L e=mr on R3
mr

In higher-D cases complex analysis allows to express K in terms of the modified
Bessel function K, as discussed in section 3.2. Namely, of Hemholtz operator on
R™ is given by the Bessel potential

e—mr
K(r)=r"K,(mr) ~ ——; for —A+m?
rz2
(exponentially decaying Kelvin function of order v = ”T_Q), and oscillating (in-
coming/outgoing) MacDonald H*-functions
+imr

K(r)=r"HE (mr) ~ enj; for — A —m?

T 2
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5.2. Poisson kernel.

The Fourier transform technique could be applied to find the half-space Poisson
kernel for Laplaces equation in {(y;x) : y > 0;z € R"}

(ayz'/P—;_ A)ZD(;: ’ — P = WA
y=0 —

After F-transform it becomes P = ¢ ¥¢l . Then Fourier-inversion yields
Chy
(2] +y2) 2

The same result can be derived by the method of images. The F-transform
of the heat equation was already explained. So now we turn to the wave and
KG-equations in R”.

5.3. Hyperbolic equations.

The wave and KG equations possess all the symmetries of Minkowski space M,
namely space-time translations as well as 7.1 SO (1;n). The corresponding
Green’s functions K = K (t;2 — y), could be reduced to a single variable, the

hyperbolic radius p = 1/(ct)* — |z|* (section 3.1). They satisfy the Bessel-type
equation

N, + %vp +m2N =0

But it is not easy to derive the proper “source condition” at {0}. Applying the
Fourier transform N'(z;t) — N (£;t)to the wave or KG-equation we get

Sng ||£‘ (wave)

N = sin(t/ePm?) (5.1)
R

It remains to invert distributions A/ of (5.1)

(r&)™" J, (r&) €77 1de (for wave) (5.2)
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Once again the calculation is fairly easy in 1-D and 3-D (due to the elementary
form of Bessel function .Jy /5 (r) = %3F). In small dimensions n = 1,2, 3 we get the

following list of wave-propagators N

> H(ct —|z]) 1D
1

N(i; x) = o /(ct)2—|:c|2 2D

L§(ct —|z|) 3D

Amct

all being functions of hyperbolic p albeit distributional.

5.4. KG-propagator

The wave operator: 0 = 92 — A and the Klein-Gordon: O+ m? = 92 + L, where
L = —A +m? have fundamental solutions of the type N' = Sm%ﬁ; M = costV/L.

Both integral kernels are functions of r = |z — ¢| and ¢. The Fourier transform
Fu_r, vields a representation of N in terms of the Bessel function .J, of order
n—2

v="5E

o0

Nrt) =y [ SREVEFME v 1 ey L (for KG)

Ve m? (5.3)

In R? Bessel J; /2 = Sir/lg is an elementary function, so (5.3) becomes

o0

L fint /@ Fmlsineg ), 1 [t oy
T

N = N

_@O VE+m?2 1§

We take the hyperbolic radius p = /t? — r2 and replace polar variables {r; ¢}
by the pair {u;v},

£dg

0

¢ = psinhu
r = psinhov

Then (after another change: u — s = coshu) function N becomes

inhv [ 1 d
N = /cos (mp coshu) coshudu = —/cos (mps) i
P P s2—1
—00 1
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The latter is recognized as the derivative of Jy written in the 7.14 form (7.14)
(see Appendix 7.3)

[e.e]

1d ds 1d
Np)=-— /s' —— > = ——{J H
(p) pip ) 4 i (mp ) —=— p dp{ o (mp) H (p)}
with Heaviside function H. Hence we get the KG-propagator in 3-D
N (p) = 2 |5.(p) =~ (mp) (5.4)
pP) = P p)— Sulmp :

in terms of hyperbolic radius p = \/ 212 — |z — £|*. The low-D cases are listed in
the table

Jo (mp) 1D

_ C _ 2 cosm,
N = ;\/—53/1/2 (mlp) =/ mTp 2D
» [5 (p) — mh (mp)} 3D

In higher dimensions A/ becomes yet more singular.

6. Huygens principle, energy conservation and causality.
For any hyperbolic equation it obeys the causality and Huygens principle.

Causality Green’s function K (t;2) vanishes outside the light cone {|z| < ct},
hence any solution of the initial-value problem vanishes outside the envelope
of light-cones based on the initial disturbance (domain of influence).

This result can be shown for fairly general hyperbolic equations, including
wave and KG, using

Energy conservation principle Total energy of any solution of a general wave equa-
tion uy + L [u] = 0, defined as the sum of its kinetic and potential terms

Bl —/%(uf+02|Vu| + m2u?) do
is conserved
dFE
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Another way to state (6.1) is in terms of the energy-density
e(z;t) = & (uf + ¢ |Vul + m*u?) (6.2)
Then (6.1) is equivalent to?
oe + V- (usVu) =0 (6.3)

To derive causality we take a backward light cone {(x;t) : |z —y| < c(T —1t);0 <t < T}
and use integration by parts (Green’s identity) to show that for any fixed ¢ the
energy of cross-section B; = {|z —y| < (T —1t)}

E(Bt):/Bte(a:;t)da:

decreases with t, E (t1) < E (ty) for all t; > ¢y (see fig.??). Hence any region
of zero initial data will produce zero disturbance inside the backward light-cones
above it.

For wave equation in odd space-dimensions the causality principle takes on a
sharper form of

Huygens principle Green’s function of the wave equation Ou = Oin odd space-
dimensions n = 3,5, ... is distributed over the conical surface {|z|= ct},
rather then solid cone.

This result follows from recurrent formulae for the half-integer Bessel-functions
(7.13) applied to Fourier integral (5.2).

Remark 1. Formula (5.4) shows K to depend on the hyperbolic radius p only,
and thus gives another demonstration of the Huygens principle (causality) for
solutions of the wave and KG equations.

7. Appendices

7.1. Hyperbolic rotations

Orthogonal group in n-space SO (n) is made of all nxn matrices {U} that preserve
the Euclidean inner product: x -y. So Uz - Uy = z - y for all vectors z; y in R",

2Quantity wu; represents the momentum field of u, so (6.3) claims: the rate of change of the
energy-density is equal to the momentum flux.
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or TU - U = I. In 2-D those are familiar rotations

{U:[ cos 6 Sme}:0§0§27r}

—sinf cos®

Similarly, pseudo-orthogonal (Lorentz) matrices {U} preserve the indefinite
inner product on so called Minkowski space-time M" ™! = {(zg; z1;...z,,)} - impor-
tant among other in special relativity

The corresponding Lorentz group is denoted by SO (1,n). In M? those are hyper-

bolic rotations
cosht sinhr7

— - <
{U {sinhr COShT:| ' OOST_OO}

Both groups: orthogonal SO (n) and Lorentz SO (1,n) preserve radii in R”

and M
ro= |lzl=Va -x=y\ i+ .. +22
po= Vi) = e - @+ .+ a2)

Unlike Euclidean product x - z, the Minkowski (x|z) is not always positive, so p
is well defined inside the light cone: z2 > (2% + ... + 22) (fig.?7?).

The analogue of spherical coordinates (7;6, ¢;...) on Euclidean R"are hyper-
bolic spherical coordinates (p, T, ¢;...)in the light cone. Indeed, the role of unit
sphere 7 = 1 is played by a unit hyperboloid p = 1 (fig.??). and the verti-
cal/horizontal Euclidean components

{ z=1rcosf 'OS@SW}

r=rsinf...’
become in the Minkowski space

{ z=rcosht

. o< T <X
z =rsinhr..’ }

An important property of the Laplacian in R™(exploited in spherical sepa-
ration) is its rotational symmetry, so for any matrix U in SO (n) and function

f
Alf(Uz)] = (Af) (Uz)
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i.e. rotation of variable x can be interchanged (commutes) with A. This readily
follows from the general change of variable formula in A = V - V: changing
x — y = Ax, one gets

A, =31V, J(AA)'V, (7.2)

y = T
where J = det (A). So orthogonal matrix A ( J =1, A*A = I) preserves operator:
A, =A,.

As consequence all “functions of A”, including its Green’s function K =
(—=A) 'possess the same rotational SO (n)-symmetry. Together with transla-
tional symmetry, A[f (z+a)] = (Af)(z+a), for all @ € R” it implies that
K (z,&) = K (r) depends on a single variable, the Euclidean distance r = |z — £|.

Similar arguments apply to the d’Alambertian O = 9? — A with the Euclidean
dot-product and transpose A’ in (7.2) replaced by the Minkowski product and
transpose (7.1).

7.2. Derivation of the source-condition

To derive the 3.2 (3.2) for an elliptic operator L one takes any function u on R",
writes L [u] = F, applies Green’s kernel IC (z — y) to the equation, and integrates
by parts (Green’s identity) over the complement €2, in R™ of a small ball B, (x)
centered at {z}. On the one hand

u(z)=1lm | K(z—y)L[uldy

e—0 Q
€

on the other hand

/ K (z—vy)Lu :/ Ly[IC]u+j[p(8n/Cu—lC8nu)dS

€ € F
First integral in the r.h.s. vanishes, since L [K] = 0 outside the source. Remem-
bering that K = IC (|x — y|), we get the second integral

7{ o= pwp €T () u (2) + .

|lz—y|=€

while the third integral

% "K€) pAu(zr) - 0ase—0

|z—y|=e¢

19



Thus
u(z) = lim {pw,_1€" 'K’ (€) } u (z) + {€"K (€)} pAu (z)

for any function u, which yields the source condition (3.2).

7.3. Bessel functions
7.3.1. Differential equation.

Bessel functions of the first kind and order v solve the differential equation

1 V2
1/ /
- 1-2 )y = .
y+xy+( xQ)y 0 (7.3)
while those of the second kind (modified) solve
1 2
'+ =y — <1 + V—Q) y=0 (7.4)
x x

Formally the transition from (7.3) to (7.4) is by a complex change of variable
T — T

In both case x = 0 is a singular point, so by the Frobenius method both have
a pair of solutions expanded in the series

o0

0
whose coefficients are computed directly

_ (-1"
CO2KEIT (k4 v+ 1)

ay (7.6)

Solutions (7.5) are linearly independent for non-integral order v, while the inte-
gral case v = n is exceptional as two series give the same function: y_,, = (—=)" y,.
So the second independent solution is chosen in the form Y = logx+ “regular
series’.

Solutions (7.5) are denoted by J., (z) for (7.3), 1-st kind, and I, (z) for (7.4),
2-nd kind. Any other solution of (7.3-7.4) is a combination of J’s or I’s.

Let us remark that %—order Bessel-J is an elementary function

[ 2 .
Jij2 (z) = —sing
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as denominator of the k-th coefficient (7.6) becomes I' (3) (2k + 1)!
Two important combinations of Bessel-J, called the Y- and H-( Hankel or
Neumann) are defined as follows

Yu __ cosmy Jo—J_y

sin v

HP (2) = J, +1Y,

7.3.2. Recurrence relations

Bessel functions obey a series of interesting recurrence relations expressed in terms
of differential operations

A:xi'B— 1i

de’”  zdx

(7.7)

applied to function y (z) or x"y (z). Precisely, for any Bessel y, of order v and
m=1,2,..

Ga)" @w) = 2"y
(%% m(xiyy'/) = xi(y+m)yu+m

So operation B lowers order v of product zy, by 1, and raises order of x7"y,.

Relations (7.8) could be verified by direct manipulation of series (7.5) with
coefficients (7.6) (for Bessel J,). An alternative argument exploits commutation
relations of operators A, B (7.7) and Bessel’s

LV=62+§a+(1—;—§)=BA+<1—;—2> (7.8)
We observe that the commutator
[A,B|=A-B-B-A=[20,20] = -20 = —2B (7.9)

and conjugate Bessel operator (7.8) with multiplications by z*”, i.e. introduce
operators

L, = x”Ll,a:_”:82—|—1;ia+l:B(A—ZV)—l—l
L, = 27"L,a" =0 +320+1=B(A+2v)+1

Solution of L,[y] = 01is 2"y, (z) - an analytic (series) part of (7.5), whereas
L, [y] = 0 gives 2=y, ().
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_ Next we observe the following (raising/lowering) relations between operators
L,; L,and B
L,B = BL, (7.10)
L,B = BL,

so conjugation B~!LB raises the order of L, and lowers that of L,,. Clearly, B
has the same effect on solutions of L, and L,. So L, [y] = 0 implies that function
2 = B|y] solves L,_; [z] = 0, and similarly for L. That proves the transformation
rules (7.8).

Formulae (7.8) imply some other useful recurrence relations, like

(a + g) I, (@) = Jy1(2) (7.11)
v
(a - _> JV (l’) = TdJdu4l (IL‘)
x
that give .J,41 in terms of derivative of J,, and the two-term recurrence
2v
J,/_l (.T) + JV+1 (ﬂf) = ?Jy (I) (712)
o (@) = Joa (@) = 2J,(x)

Remembering that half-order Bessels functions are elementary J;,, = R
Yip = C?x, we get as a consequence of that all half-integral Bessels are elementary.

They could be computed either by n-the order differential relation (product of
operators (7.11))

Jusij (x) = (L”Q . a) (ﬁ - a) [I] (7.13)
el = (522 40) . (20) (3

or the algebraic relation (product of Jacobi matrices M, =

(7.12). We bring a few of them

sin x

T CcosT— sma:)

( sin 43z cos ac 322sinz >

15sinxz— 15xcosx 622 sin z+x3 cosaz)
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7.3.3. Asymptotics

The choice of linear combinations of Bessel solutions (7.3)-(7.4) is dictated by
their asymptotic behavior at co. Namely,

J,,(a:)w,/% cos (z— Zv—1I)
Yl,(x)rv,/% sin (z — Zv — I)
HF (z) ~ lexp [+i(z—Fv—7)]
v V 2z 2 1

The modified (2-nd kind) functions / and K are related to J and Y via com-
plex change of variable x — iz, hence they have exponential asymptotics at oo.

Precisely,
T e 42 —1
I, (x) =e 2V ], (iz) ~ ;m {1— V8m —1—}

then

hence

exponentially increasing, while

T (1, —1 T ;T ™
K,=——2—2)=—e2YH  (2)~ /—e " {1+ ..
Z(Sinm/) 2 ¢ v (@) 2z ¢ {1+

exponentially decreasing

7.3.4. Integral representations

There many integral representations of Bessel functions but most of them fall
in two types: Poisson type (finite integral) and the Mehler-Sonine type (infinite
integral). The first type is exemplified by

™ 1

T (3+v)J ()= % <g>l//€izcosgsin2”9d9 = <%)V/cosxu (1 —u2)1’71/2 du

0 -1

The second (Mehler-Sonine) gives

r(A-v) J,(z) = % (g)y/sin xt Hﬁ (7.14)



and similarly

L —v) Y, () :—% (%)_Vlfcos xt#

8. Harmonic oscillator

Differential operator of the form h = —9* + 2% on R, known as (quantum) har-
monic oscillator plays fundamental role in Mathematics and Physics. Its spectrum
(eigenvalues/eigenfunctions) can be easily derived from commutation relations for
a special pair of first order operators know in Mathematics as raising/lowering
operators and in Physics as creation/annihilation pair

a=0+x
al =-0+z

The latter is the formal adjoint of @ with respect to the L%inner product (u|v) =
o
[ uvdz.

—00

Operator h factors into the product of a;a’, namely

h=ala+1=ad -1 (8.1)

and the triple {a; at: h} is easily shown to obey the following commutation rela-
tions

aT;a] = -2
[h;a] = [a';a] a = —2a (8.2)
[h; aﬂ = [a; aﬂ al = 2al

Here [a;b] = ab — ba denotes the commutator of two operators. In second and
third lines we used the product-rule for commutators: [a;bc] = [a;b] ¢+ [a; ¢] b, for
any triple a; b; c.

Relations (8.2), particularly the second and the third ones have immediate
application to spectrum h. Indeed, if ¢ is an eigenfunction h[¢)] = A\ then
raising or lowering v gives another eigenfunction: ¢, = a' [¢)] and v_ = a [)] are
also eigenfunctions of h of eigenvalues A + 2 and A\ — 2. Indeed,

hgs] = ha' (Y] = {a'h+ [hsa'] } [¥] = (A +2) @' [¥] = (A +2) 94
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and similar one shows
hi_]=..=A=2)y_

for 1)_. Here we used the obvious relation ab = ba + [a;b]. So operator a' raises
each eigenvalue of h by 2, while a lowers it by 2, whence the terminology.

We proceed to compute the eigenvalues. Take the lowest eigenvalue A\ of h and
its eigenfunction vy. Such eigen always exists as operator h is positive-definite:
(f|h] f) > 0 for any square-integrable function f € L?. Clearly, the lowering
operator a takes v to 0, so it solves an ode

alp] =Y +xp =0 = 1Yy = e /2 _the Gaussian

We plug 1 in (8.1) and find the lowest eigenvalue A\g = 1. Next we apply the
m-th iterate of the raising operator a' to

Y (2) = ()" o] = (=0 + )" [/ (8.3)

The result is a new eigenfunction of h of eigenvalue \,, = 1+ 2m. Thus spectrum
of h contains all odd integers with eigenfunctions given by (8.3). To bring {.,}
to the standard form of the m-th Hermite function we use another commutation

relation
2 2
—0+x=¢e" /2(—8) e v /2

whence follows
U (@) = €2 (O)" [ e B = R oy [ ] (s)

2

Clearly, 1,,, is a product of Gaussian e~* /2 and a Hermite polynomial of degree

m
VYm =€"" /2Hm (‘77)

Those can be computed via (8.4)

Hy=1

Hy =2z
H2:4$2—2
Hs; =823 — 122

Polynomials form a complete set of functions on any finite interval of R (any f
can be approximated by polynomials), hence Gaussian x polynomials approximate
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all functions on R that vanish at infinity.. Thus we get a complete eigenvalue
spectrum of the harmonic oscillator (Hermite operator) h

eigenvalues = {1 +2m:m =0;1;2; ...}
eigenfunctions = {Hermite ,, }

Below we compute and plot the first 7 Hermite polynomials m = 0,1,...,6

H,, (z) = e jx—mm (e"”2>

the corresponding (normalized) Hermite functions

- 1/2
o (2) = e /2 H,, (z) / / e H,, (2)* dz
H Hy () | fim () |
: e
-2 jjgﬁ f}%zg/?r(e—12+a;x2)
2 Yr
—4a (—3 + 22?) 673%;; (3—22%)x
12 — 4842 + 162 (31207 + 4o
1.7
—8x (15 — 2022 + 4a%) zf/%é/% (15 — 2022 + 42*)
T,
—120 + 7202% — 480x* + 642° 1;\/25% (—15 4 902% — 60z* + 82°)




