Fourier transform

D. Gurarie

Fourier harmonics

{coskx,sinkx:k >0} — real

. (1.1)
{e"‘x —oo<k < oo} — complex
k —wave number/vector.
Fourier expansion
Any f(x) can be expanded into a F - series
f(x)~ > (a coskx+b,sinkx)
K0 - for 27 -periodic
f(x)~ > fe*
k=—c0
or F - integral
f(X)~ I f(k)eikxdk -onRor R" (1.2)

with F coefficients {a,,b, } - real, or { fk } - complex.

Orthogonality relation of F modes

The inner product on (complex) functions is given by

(f1g)=] f(x)T(x)dx

Then system (1.1) obeys orthogonality relations

<e”‘X |ei”‘x>=27z5(k—m) (1.3)



Kronecker delta for integers for 27 - periodic, and Dirac delta on R.

To check compute

T 2 , = O
J. e™dx = {Oﬂp P 0 on 27 -periodic (p — integer)
r ‘D%

N
On R take finite limits I ..andlet N 5>

N 2sin Np
J._Nep dX:T—)Zﬂa(p)
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General orthogonal expansion

If {Xk} - orthogonal system of vectors in R";C", then any vector Y is expanded into a series

Y = Zakxk (1.4)
K
With coefficients
YeX,
©OIX P
And
|Y |2:Zak2 | xk |2 (1.6)
k

Applied to F modes we get for any f(x)



(i) f (k) = i f (X)e_ikx - F coefficient or F transform
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(ii) f (X) =I f (k)eikxdk - inverse F transform

(iii) Plancherel formula: for any square-integrable f(x)

[ =1 £ (0)F dx =22 ]| f ()P dk:Hsz

Table of Fourier transforms
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Fourier inversion involves complex analysis (residue calculus)and
other techniques.
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