1. Systems and models:

Math. 224: Test ll, Apr.17, 2008

Print Name:

a) Migrating populations {u,v,w} between 3 areas (i =1,2,3), with the following migration rates a, (
J —> 1) perunit time: a,, = a,;, =2;a;, =1.5;a,, = a;, =.5;a,; =2 . Write the system in the matrix-

vector form, compute matrix A. Explain how you expect solutions to behave at large time, and what
happens to the total population. Outline solution method (don’t selve!)

r';_) —{ . = /h,- L = Q ¥t C? w
__ an 2| / A
u |z v -
azi , \ \\/\_}
\ 2 | N = 2 u.-'/rz_“éi’. ta. -
\ / J;j { \ | 2 3 ) V I a(i '-_5
az \4 / an ¢
w W = d,w + a, v = (&, +a,,)W
— -\ 0 n = =T [
V(52 0:3) & £ [ . J—f—--’]’ U +V+W :/\\/*C«Q’U.f-
\ . 1O T, =
Jr— /’) A ~ § I
e ¢ — (<< J Z \ [ r AU -/ - b, &

/Z\\\‘I . - . / e . / [ [+ - p a2 A ({ ' ¥ s

| - | VCF) ) T /

] { = e - & o o

| R LI = YR P i/

’ -~ | = '_"'I, { r_j"

o> {f.)f . oA WAL [ A= —
= \/ | oo b Lo
IF-_: — 5/9‘_ f‘"(_,ﬂ_, }“I e D }G‘Af_,

b) Areal 2x2 matrix 4 has complex eigendata: A =1+2i; X =(1-i,-1+2i). Write real general solution
(real functions), sketch phase plane and solution curves x(t), y(t) , describe equilibria type. (Extra:
find matrix A4) ~ | |,
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c) Write Newton equations of motion (2™ order DE and 2D system) for nonlinear oscillator with force
function f (x) =x’ —x . Formulate energy conservation law (find potqr}tial energy) for this system.

. Explain the effect of friction on energy. "
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d) Predator-prey with logistic prey: ( 2) . Explain the meaning of variables and coefficients (a-
y=y{x=
7). Sketch phase-plane (null-clines, equilibria) in one of 2 cases: a=1/4 or a=1 (Extra-credit for both)
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2. Linear systems and bifurcation problem. Take matrix family: 4 (b) = L : } .

a) For @ solve the eigenvalue problem and write general solution ‘;—Y = A-Y . Sketch phase-plane
t

trajectories and typical solution curves x(¢), y(¢). Describe equilibrium type.
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c) Solve bifurcation problem for matrix family {A (b)} : (1) sketch bifurcation diagram in the trace-

determinant plane; (ii) find bifurcation values {b j'} , and describe equilibria types and transitions

between all b-ranges. Sketch schematic phase-plot for each range.




3. Characteristic polynomial method. Find particular solution, homogeneous solutions, general and IVP
solution for each of the following problems. (Hint: for periodic sources cosf;sin @t you can use complex

. . e
exponential solutions: R({—

)J,Im(...)).
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a) Solve IVP y(0)=-1 for problem (a). Sketch y(t)
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b) Explain (b) “oscillator” problem (meaning of y, coefficients et al). Solve IVP: y(0)=y'(0)=0 for

(b). Sketch solutions and explain what happens as £ approaches 2 (rr\lzdulation, resonance)
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¢) Explain (c) as an “oscillator” problem (meaning oif y et al). Write particular (response) solution for
in the “amplitude-phase shift” form, sketch the response amphtudeA( Jii ) {Extra: find maximal

) A,
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4. Dynamical systems:

a) Take predator-prey model 1(d) with a=1/4. Write linearized systems for its 3 equilibria. Sketch local

phase-plot near each equilibria, and the global phase portrait. Extra: Explain what happens to the system
(equilibria et al) as parameter a changes from % to 1.
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- b) Determine which of the following fields is Hamiltonian and find its Hamiltonian function:
) F=(x—2y,x+y2); G=(y2—x,y—2);H=(ax—y,x—2y)
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c) For mechanical system 1(c) sketch (i) potential function, (ii) phase-plane (nullclines and equilibria).
Determine the equilibria types. Extra: write linearized system at equilibria and confirm your conclusions
by the analysis of linear systems (Jacobian matrices) -*U“‘ ( Z‘-)
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