Math. 224 Supplement: Mixing problems

David Gurarie

Mixing problem with the in/out rates: 71,79 is described by the differen-
tial equation
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where ¢ denotes the amount of the chemical, a;-the incoming concentration
and V = Vj + (ro — r1) t - volume.

0.1 Equal rates: r =ry=r1r

Here V remains constant and equation (1) becomes

'—l—i = oqr
q V(J— 1

We call its constant coefficients v = a and a7 = b rewrite it as

¢ +ag=">

and produce exact solution : ¢ (t) = 2 + (qo — L) ot

T a

Specific example: r; =1, =2; ay = .3; V = 10 gives

2 _ 6
q + 154 =10
7(0) = 15
Exact solution is : ¢ (t) =3 — %—ge_%t and the corresponding concentration
q(t) 29 1
a(t)=—-=3———=€e5
(t) V 100



clearly approaches the incoming (equilibrium) value a; = .3
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0.2 Different rates: r; > r9

Here volume V' = Vj + (r; — r9) t changes (linearly) with ¢t. Equation (1) is
still linear,
¢ +aq="> (2)

but has variable coefficients a () = & and b = ayry. The multiplier of (2)

Vit
becomes
pit) =el et =v=>

- a fractional power of the volume-function with exponential

N T — T2
Its general solution gives
1
q(t) = o) (C + /ub dt) = CV 4,V - amount (3)
1
a(t) = % = oy + CV P71 concentration

Parameter C' is related to the initial condition yq via

C= (QO - Oélvo) Vbﬂ-



0.3 Specific examples:

Example 1 (Increasing volume): r1 = 3;r9 = 1; a1 = .2; Vo = 10. Then
V' =10 + 2t, and differential equation (1) becomes

¢+ %59 = 1
q(0) = qo
Here exponent 3 = %, multiplier p = (10 + 2t)1/2, C = (g —2)v10, and

2
solutions
q(t)=C(10+2t)"* + 2(10 + 2t)

with different (initial ) C

are asymptotically linear. But the corresponding concentrations

a(t) = % = 24 C (104 2t)7/2

once again approach limiting value .2 = aq- the incoming one
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Example 2 (Decreasing volume): r1 = 1319 = 3; ap = .2; Vo = 10. Then
V =10 — 2t, and differential equation (1) becomes

¢+ 75250 = -2
q(0) = qo

Here exponent 3 = —3 | multiplier pp = (10 + 2t)_3/2, C = (q—2)1073/2,
and solutions
q(t) = C (10 — 2t)** + 2 (10 — 2¢)

with different (initial) q
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all expire in finite time t = 5, when volume V' become 0. But the correspond-

ing

a(t) = % = 2+C(10—2t)"?

still approach limiting value .2 = oy of the incoming concentration
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